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"! #$%&' ()*)+,-)*) ..$&) ,2-'+'*)3'4 (7+7/I N9&RSM NO6 ' .NO6

,2-'+)J'73'4 (*7J,1I*): (*P) P*2-) & P = 5, ;)< #$% â5M ;>< #$% â3 '
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G!D H#$%&' θ̂ ' â2 >P = 2? I) -*' 4B,5)*'J)= >)? ' >3? (*7+J,5KJ'L' $<HM N = 256M

M = 100@ >A? ' >,? (*7+J,5J'L7 M M N = 256M $<H= 10 3N@ >B? ' >C?

(*7+J,5J'L7 N M $<H= 10 3NM M = 100! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! DDO
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G!P H#$% θ̂M â2 ' â1 ,4-'+'*)5'6 (7+718 00$%&) ' H&00$%&) >P = 2? I) -*'

4B,5)*'J)= >)?M >3? ' >2? (*7+J,5KJ'L' $<HM N = 256M M = 100@ >A?M >,? '

>6? (*7+J,5J'L7 M M N = 256M $<H= −2 3N@ >B?M >C? ' >'? (*7+J,5J'L7 N M

$<H= 2 3NM M = 100! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! DD 

G!O 0*'5B'( C85QB'75'4)5J) $RH 4'4-,+)! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! DDG

G!" R5)K'-'SQ' 4'25)K 4) -*' K'5,)*5, 9# Q7+(75,5-,= >)? $T9T@ >A?

/,-,Q-7L)5' *,2'75' 37A'J,5' (7+718 U-48 )K27*'-+)@ >B? UAK'Q

4-)53)*3572 V09&)@ >3? #73'WQ7L)5' V09 (*L, Q7+(75,5-,@ >,?

#73'WQ7L)5' V09 3*82, Q7+(75,5-,@ >C? #73'WQ7L)5' V09 -*,1,

Q7+(75,5-,@ >2? %4-'+'*)5) >3,A,K) K'5'J)? ' 4-L)*5) >-)5Q) K'5'J)?

L*'J,3574- B6'*(&*)-,&) I) (*L8 Q7+(75,5-8@ >6? %4-'+'*)5) >3,A,K) K'5'J)?

' 4-L)*5) >-)5Q) K'5'J)? L*'J,3574- B6'*(&*)-,&) I) 3*828 ' -*,18 Q7+(75,5-8! D."

G!F H)3)*4Q' 4'25)K 4) -*' K'5,)*5, 9# Q7+(75,5-,= >)? $T9T@ >A? /,-,Q-7L)5'

*,2'75'@ >B? V09 (*L, Q7+(75,5-,@ >3? V09 3*82, Q7+(75,5-,@ >,? V09

-*,1, Q7+(75,5-,@ >C? %4-'+'*)5) >3,A,K) K'5'J)? ' 4-L)*5) L*'J,3574- >-)5Q)

K'5'J)? B6'*(&*)-,&) I) (*L8 Q7+(75,5-8@ >2? %4-'+'*)5) >3,A,K) K'5'J)? '

4-L)*5) L*'J,3574- >-)5Q) K'5'J)? B6'*(&*)-,&) I) 3*828 Q7+(75,5-8@ >6?

%4-'+'*)5) >3,A,K) K'5'J)? ' 4-L)*5) >-)5Q) K'5'J)? L*'J,3574- B6'*(&*)-,&) I)

-*,18 Q7+(75,5-8! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! D.F

X



 !" #$%$&'() ')*+$, (-.) '/ '$'0-.) -% 0&) 112 (-34-+/+0/ 0&/5/*$ &/%$6 7$8

29:9; 7<8 =/0/(0->$+) &/*)-+); 7?8 @1: 4&>/ (-34-+/+0/; 7%8 @1: %&A*/

(-34-+/+0/; 7/8 @1: 0&/5/ (-34-+/+0/; 7B8 C'0)3)&$+/ 7%/</,$ ,)+).$8 )

'0>$&+/ 70$+($ ,)+).$8 >&)./%+-'0) ?D)&4E&$0/E$ F$ '>$(A (-34-+/+0A! ! ! ! ! GH 

 ! #$%$&'($ ',)($ 4&)./ 7$8 ) 4-',)./ 7<8 B-(A')&$+.$! ! ! ! ! ! ! ! ! ! ! ! ! ! ! ! GHI

J)



 !"#$ #$%&'$

 !" #$%&'( )*+,-(.+/010 2*3(/*40 506+ 778'0 60 9063(:(1* P ! ! ! ! ! ! ! ! ! ! ! ;

<!" =3>*9(104 60 +?1(40-(.@ 20904+1090 778'0 2*4*A@ B=C'0! ! ! ! ! ! ! ! ! "D

<! 79(E3(F/0 G9(.+H/*?1 I8J'0 20904+190 âP +?1(4(90/*> 2*4*A@ B=C'0! ! !  K
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x(n) = s(n) + ν(n) = A exp (jφ(n)) + ν(n)

= A exp

(

j
P
∑

i=0

ai(n∆)
i

)

+ ν(n), n ∈ [−N/2, N/2] : ;<=>?

,.2& 2& A /$%3('1./: φ(n) @/A/ 0/ #!&B5(2&"'($/ ai, i = 0, 1, . . . , P ( ν(n) #!$%3&#0"( C(2&3(

D/10!E F1$ 0/ "&A/E(0"($ -&/3"($ ( ($/,("/-"($ .(2&3!$: 0-&."2& E-(2&."!0'( 0 ( E/-(2/"0&

σ2
6>78= G#1%/" C-!2 !.C(-/#/ 0(,"/3/ 2& (N+1) ( 0(,"/3 2& !./C-/" 0/ #!-/#!$ ∆= HE.2&

%-&'%!0'/E32/$! ./ 2& N ≫ 1= I/F 5(32 2& ./: "/ !0"!E1 !C0&-E/5(2/ x(n): &0'($(-/$!

%/-/$&'-& {A: a0: a1: . . .: aP}= J0'($(-/"& E-(2&."!0'( 4&$! !C(32&K/E/'( 0/ 0($C!3!$ LˆL=
I/ %-($2&-: &0'($(-/"/ E-(2&."!0' %/-/$&'-/ ai 4& C('( !C(32&K&"/ 0/ âi=

 !"!" #$%&'$()%* +$%,-./ &*,*0*&1*,/,2,*+ 334(%
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&0'($/'!-/: 2&- 0& "/ !0"!E1 "2&,/ !.-&V121 3($('( 1  *J+1: #!2($/ 0E/#( &0'($/'!- '&K(=

*'!,/: %!0$/'-/"2&$ !."!0/ PRST+/ (  *J+/: 1 0'/"21 0$! (AE&0'( A/#321N#& ! &B#/0"!0'(

;1 %!,3&.1 '/N"!0'(? &0'($/5(!"& %-!5&.1-&= WC!, E&3(#!, A"/N/2/ %-( !52&"( %&-@!-$/"0(

&0'($/5(2&: PRST+( %/-/$&'/-/ 0(,"/3/ ;<=>? C(4& !.-&V&"( 1 "/0'/E#1=

X/ C( (AE&3( PRST "&%!A"/'(U %/-/$&'/-/ θ = [A, a0, a1, . . . , aP ]: "&!%U!."! 2&

!.-&.('( @1"#5(21 ,10'("& -/0%!.2&3& 031N/2"& %-!$2&"32(E& x(n)= HA"/N($! !E1 E&3(N("1 0/
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ρx(θ) A/.!E!32/E/ 03&.&41 -&3/5(219

ln ρx(θ) = −N ln(πσ2)

− 1

σ2

N/2
∑

n=−N/2

[

(Re{x(n)} − Re{s(n)})2 + (Im{x(n)} − Im{s(n)})2
]

. ;<=<?

PRST i+'!, &3&$&"'/ E&#'!-/ θ: θi: %-&.0'/E32/ &3&$&"' ("E&-A"& Y(0U&-+!E&

("@!-$/5(!"& $/'-(5& ;YZ ? "/ %!A(5(2( (i, i) 6>78+6>[89

PRST{θi} = [J−1]i,i, ;<=\?

]
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Jk,l = −0
{

∂2 log ρx(θ)

∂θk∂θl

}

, 12345
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Jk,l =
2

σ2

N/2
∑

n=−N/2

[

∂ Re{s(n)}
∂θk

∂ Re{s(n)}
∂θl

+
∂ Im{s(n)}

∂θk

∂ Im{s(n)}
∂θl

]

. 123>5

:)*";?& !* "#

∂ Re{s(n)}
∂A

= cos(φ(n)),

∂ Im{s(n)}
∂A

= sin(φ(n)),

∂ Re{s(n)}
∂am

= −∆mnmA sin(φ(n)),

∂ Im{s(n)}
∂am

= ∆mnmA cos(φ(n)), 123@5

#'#(#)%& (*%+&,# J A# (. ; -*6&A*%& )* A'#!#?& )*7&)/

JA,A =
2N

σ2

JA,am = 0,m = 0, . . . , P,

Jam1 ,am2
=
2A2∆m1+m2

σ2

N/2
∑

n=−N/2

nm1+m2 , 0 ≤ m1,m2 ≤ P. 123B5

C*'"#< &)9#+-)* DEF A# (.G# -*6&A*%& 8*.

J−1=
σ2
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N−1 0

0 A−2D−1H−1D−1



 , 123H5

 !"# "#

D = !&* {1,∆,∆2, . . . ,∆P},

Hl,k =

N/2
∑

n=−N/2

nl+k, 0 ≤ l, k ≤ P. 123I5

J+#K&9*)"#( +#'*,&"# 123H5 !.=&"*(. 8.)*7)# &-+*-# -* LMNO/

LMNO{A} = σ2

2N
,

LMNO{ai} =
σ2

2A2
[D−1H−1D−1]i,i< i = 1, 2, . . . P 3 123PQ5

@



P = 1 P = 2 P = 3 P = 4

 !"#{a0} σ2

2A2N
9σ2

8A2N
9σ2

8A2N
225σ2

128A2N

 !"#{a1} 6σ2

A2N3∆2
6σ2

A2N3∆2
75σ2

2A2N3∆2
75σ2

2A2N3∆2

 !"#{a2} 90σ2

A2N5∆4
90σ2

A2N5∆4
2205σ2

2A2N5∆4

 !"#{a3} 1400σ2

A2N7∆6
1400σ2

A2N7∆6

 !"#{a4} 22050σ2

A2N9∆8

 !"#$! %&'(  !"#$% &'()*%+(,-.- /'0%,'1- 2-3( 445$- 3- 6-30%7%.' P 8

$%&'()*&'+ ,-  !"#{A} .) /-0&1& +, %),- $$23-4
5 6-7)8& 94: ,-*& 1; &/%-/& /-  !"# <-%-')*-%- =-/) /- %-/8&>&*+ P 4 6+?+' .(&@+0&@

&/0+A).(- ?+%&BC).- () -<%+?1&'-D&(-E

N/2
∑

n=−N/2

nk ≈ 2
(N/2)k+1

k + 1
, N ≫ 1. F94::G

$+1'-*%-.()' &/%-/- <%&?-/-.&@ ; 6-7)8& 94: <%&'()C;()'+ ,- 1;  !"#3& <-%-')*-%-

1&H.-8- .)/-0&1.& +, 0%&(),.+1*& ?+)ID&().-*- <+8&.+'- =-/)4  !"# <-%-')*%- =-/) /-0&1&

+, -'<8&*;,) 1&H.-8-J 0-%&(-.1) B;'-J 7%+(- +,7&%-?- & ?+%-?- +,-7&%-.(-4 6+ /.->& ,-

C) <-%-')*%& ,0- $$23- P 3*+H- %),- 1- &1*&' AJ σ2
J N & ∆ &'-*& &,).*&>.) +,H+0-%-(;C)

 !"#3)4

K).)%-8.+J  !"#3& ,0- <-%-')*%- .-(0&B)H %),- '+H; 1) +,%),&*& <+'+C; %)8-D&()

L:MNE

 !"#{ai} ≈
(2i+ 1)

(

2i
i

)2
σ2

2A2N (2i+1)∆2i
, i = P − 1, P 4 F94:9G

 ! "#$%&'()*(+,+%+& --.

5 %-,-%&'- & 1+.-%&'-J 1&H.-8 <%&'8(). -.*).1?+' %)B)*?+' 1) 0%8+ >)1*+ '+O)

'+,)8+0-*& 1;'+' 0&B) '+.+?+'<+.).*.&@ $$23- LMNJ L:PNE

xmk(n) =
K
∑

i=1

si(n) + ν(n) =
K
∑

k=1

Ak exp

(

j

Pk
∑

i=0

aki (n∆)
i

)

+ ν(n),

n ∈ [−N/2, N/2] . F94:QG

R0& 1&H.-8& 1; <+/.-*& <+, .-/&0+' ';8*&?+'<+.).*.& $$23&4 5 %)8-D&(& F94:QGJ K

<%),1*-08(- 7%+( ?+'<+.).*&J ,+? 1; Ak, Pk & a
k
i J i = 1, 2, . . . , PkJ -'<8&*;,-J %), &

S



 !"!#$%"&  '(&)'#! *!+$ k !" #$%&$'"'!"( )"*&"#!+,'$- .*!/0" $1'/#" +%/23 +*!$ 1'/4"'2"

#/$ + #$5 %$'$#$%&$'"'!'$6 778 /- 9 $,52" 2" :+02( $;)/5$% *+6'/0/ xmk(n)( "*!+%+)/!+

&/)/%"!)" {Ak, ak0, . . . a
k
Pk
} *,/#" #$%&$'"'!"-

</#$ !"='+#"( #$2" >" ;+!+ )/1%/!)/'" 3 !"1+( &$5)/13%+2",/23 5/ *3 )"5$,+ &$0+'$%/

?/1" *,/#" #$%&$'"'!" %"@3*$;'$ 2"5'/#+( '/5/02" >"%$ 3,"*!+ &)"!&$*!/,#3 P1 = P2 =

· · · = PK = P - .,$% &)"!&$*!/,#$% '" 63;+%$ '/ $&A!$*!+ %$5"0/( 2")( 3#$0+#$ 2"

P = max{P s
1 , P

s
2 , . . . , P

s
K}( 652" 2" P s

k *!,/)'+ )"5 k !" #$%&$'"'!"( "*!+%/:+$'/ &)$:"53)/

>"( 1/ $'" #$"B:+2"'!" #$2+ '" &$*!$2" 3 ?/1+ *+6'/0/( ,)/!+!+ ,)+2"5'$*!+ #$2" *3 &)+;0+C'"

'30+-

 ! !" #$%&'$()%* +$%,-./ &012-3*&4*,/,2,*+ 556(%

7$5 &)"!&$*!/,#$% P1 = P2 = · · · = PK = P ( )"0/:+2/ DE-FGH *" %$C" 1/&+*/!+ 3

%/!)+4'$2 ?$)%+ IEJK

x = [s1(n, a1), . . . , sK(n, aK)]A+ ν = S(a)A+ ν( DE-FLH

652" *3M

ak = [ak0, a
k
1, . . . , a

k
P ]

T ,

n = [−N/2, . . . , N/2]T ,

A= [A1, . . . , AK ]
T ,

x=[xmk(−N/2), . . . , xmk(N/2)]T ,

ν=[ν(−N/2), . . . , ν(N/2)]T ,

sk(n, ak) = exp
(

j
∑P

i=0
aki (n∆)

i
)

,

sk(n, ak) = sk(ak) = [sk(−N/2, ak), . . . , sk(N/2, ak)]
T ,

a=(a1, . . . , aK),

S(a) = [s1(a1), . . . , sK(aK)]- DE-FNH

8/ θ = [A, a] $1'/4+%$ ,"#!$) '"&$1'/!+= &/)/%"!/)/- O*02"5 &)+*3*!,/ /5+!+,'$6 ;+2"0$6

P/3** $,$6 A3%/( ?3'#:+2/ 63*!+'" )/*&$52"0" x( ρx(θ)( +%/>" *0"5">+ $;0+#

ρx(θ) =
1

(πσ2)N
exp

{

−(x− S(a)A)H(x− S(a)A)

σ2

}

- DE-FQH

R



 !"#$%& '" #(

ln ρx(θ) = −N ln π −N ln σ2 − 1

σ2
(x− S(a)A)H(x− S(a)A), )*+,-.

/012 '(3!&4"! 5(6"7&#89 )*+:.2 98;( 4( <"=&4">& ?"8

J =





JAA JAa

JaA Jaa





+ )*+,@.

AB8'(%& 8<!"?$ µ = S(a)A =
∑K

k=1 sk(ak)Ak &9"98 '" #(

∂µ

∂Ak

=
∂

∂Ak

K
∑

k=1

sk(ak)Ak = sk(ak), )*+,C.

8'"?6( 46&#('&

JAA =
2

σ2
Re{S(a)HS(a)}+ )*+*D.

E" F& 8'5('&6& JAa2 JaA & Jaa2 !(8=G8'!8 #( &<5"H$!">& &<B8' µ =8 ="5"9(>5&9" aki I

∂µ

∂aki
=

∂

∂aki
sk(n, ak)Ak

=
∂

∂aki











Ak exp
{

j
∑P

i′=0 a
k
i′(−∆N/2)i

′
}

· · · · · ·
Ak exp

{

j
∑P

i′=0 a
k
i′(∆N/2)

i′
}











= jAkT
isk(ak)2 )*+*,.

J'#( #( T ='&"J{−N/2, . . . , N/2}+ E"6#(2 &< )*+,C. & )*+*,.2 46&#('& '" #( (6(9(!> Jaa $

=5(4#(?$ =8<&7&#" ="5"9(>"5" aki & a
k′

i′ #('!"?

Jaa(a
k
i 2 a

k′

i′ ) =
2

σ2
Re
{

AkAk′sk(ak)
HTi+i′sk′(ak′)

}

, )*+**.

'8? 4$ ="5"9(>5& =8'9">5&7" JAa & JaA '">& &<5"<89I

JaA(a
k
i 2 Ak′) = JAa( Ak′ 2 a

k
i ) =

2

σ2
Im
{

Aksk(ak)T
isk′(ak′)

}

+ )*+*K.

L" ?5"#$2 (6(9(!>& &!B(5<!8J /01M" !" J6"B!8# '&#"J8!"6& =5('4>"B6#"#$ NOPQM8B(

="5"9(>"5" B(?>85" θI

NOPQ{θi} = {J−1}i,i+ )*+*:.

 " 5"<6&?$ 8' 98!8?89=8!(!>!&G RRSM"2 NOPQM& ="5"9(>"5" 9$6>&?89=8!(!>!&G

RRSM" <"B&4( 8' ?8(37&#(!">" =86&!89" T"<(+ U8 <!"H& '" 4(2 $ <"B&4!84>& 8' B5&#('!84>&
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 !"#$%&"'()(* )"!+%&, " -+('%$" .!,)%/'!- 0123( 4!-5 .+(,)%6'! 4%&"'&()%7 8( !9"* 4!/"

," %:;",)% % :( <&56( .( =" >+(- 1?@3(  !. '"<%'"(+'%A ",)%4()!+( :(;%,%)% !. %:B!+(

 !"#$%&"'()(* C)! 5 ",)%4($%&% '%&" >!/"<&'!7

DB!- ;"<% !- )"!+%&, !- % >+( )%6'!- :'(6(&(* 5 EFGH +(:4()+('" ,5 !,!B%'"

.;! !4>!'"')'!- II13(7 ?(%4"* (5)!+% ,5 5 (:(<% '( .;%&" 6%'&"'%$"J

K7 L@MN{A1}OL@MN{A2} % .( !;(& !.'!, '" :(;%,% !. ,'(-(  !4>!'"')%P

F7 5 !<% ! &" A1 = A2* L@MN{a1i } =L@MN{a2i }* i = 0, . . . , P 7

 !"  # $$%

Q+<! 6",)!* 5 >+( )%6'%4 (><% ($%&(4( -.&" ," ;+C% ('(<%:( .%-%)(<'%A ,<% (* ,5,+"="4! ,"

,( FR S0 ,%-'(<%4( EFKH ,( T(:!4 >+".,)(;<&"'!4 >+" ! FR >!<%'!4(7 U;% ,%-'(<% >!:'()%

,5 >!. '(:%;!4 FR II13% % 4!-5 ," !>%,()% ,<"."=!4 +"<($%&!4J

x(n,m) = s(n,m) + ν(n,m), n ∈ [−N/2, N/2], m ∈ [−M/2,M/2],

s(n,m) = A exp(jφ(n,m)) = A exp

(

j
P
∑

i=0

Q
∑

k=0

ai,k(n∆)
i(m∆)k

)

, VF7FWX

-.&" &" ν(n,m) FR Y(5,,3!; C54 '5<)" ,+".'&" ;+%&".'!,)% % ;(+%&('," σ2
* A (4><%)5.(*

ai,k >(+(4")+% T(:" φ(n,m)* % P % Q +".!;% >!<%'!4( T(:" >! n % m !,(4(* +",>" )%;'!7

I(+(4")(+ ∆ &"  !+( !.(B%+('&(* .! &" ,%-'(< .%4"':%&( (N + 1) × (M + 1)7 Z(! % 5

>+")A!.'%4 ,<56(&";%4(* $%<& &" ",)%4($%&( >(+(4")(+( A % ai,k7

1>"$%&(<(' ,<56(& ,%-'(<( VF7FWX >+".,)(;<&( FR II1 ,( T(:!4 )+!5-(!'!- !B<% ( EFKH

x(n,m) = A exp

(

j

P
∑

i=0

P−i
∑

k=0

ai,k(n∆)
i(m∆)k

)

+ ν(n,m). VF7F[X

Z( ! &" +". T(:" !;!-( ,%-'(<( !.+"9"' ,(4! ,( >(+(4")+!4 P * :( ,%-'(< VF7F[X  (/"4!

.( &" FR II1 P 3)!-( +".(7 \",)!* >(+(4")+% ai,k* 0 ≤ i+ k ≤ P ," -+5>%C5 5 ):;7  !"#$%$7

Z!"#$%&"') ai,k >+%>(.( l3)!4 ,<!&5 ( ! '&"-!;% %'." ,% :(.!;!<&(;(&5 i+ k = l7

KG



 !"!# $%&'(%)*&+ ,%&-./0  1 223)&

 ! "#$%& #'()*# +,-./) 0!1!%)2!1! 3 445/!6 7()8#%& $*)8)9) ():2&1)

x = [x(−N/2,−M/2), . . . , x(−N/2,M/2), x(−N/2 + 1,−M/2), . . . ,

. . . , x(−N/2 + 1,M/2), . . . , x(N/2,−M/2), . . . , x(N/2,M/2)]T 6

ν = [ν(−N/2,−M/2), . . . , ν(−N/2,M/2), ν(−N/2 + 1,−M/2), . . . ,

. . . , ν(−N/2 + 1,M/2), . . . , ν(N/2,−M/2), . . . , ν(N/2,M/2]T 6

a= [a0,0, . . . , a0,Q, a1,0, . . . , a1,Q, . . . , . . . , aP,0, . . . , aP,Q]
T . ;3<3=>

5! t &'?!@#%& (N + 1)(M + 1) × 2 %!21#A7 @#B# $(!:# 1)8 $!81C# 1!'*#@#27 :&%"#?!A#B7

#?8):$! n # m6 n = −N/2, . . . , N/26 m = −M/2, . . . ,M/2< D(&E)?B)% '!0#$! φ(t)

'! ():2&1 :&*&?7 @#B# 1)8 $!81C# (1#B)8?&$2 φ(n,m) '! :&%"#?!A#B7 n # m #' #$2&F! 1)8!

%!21#A) t6 1)*!A#B! ;3<3G> %&C) "#2# !*2)1?!2#(?& '!0#$!?! :!&

x =A exp (jφ(t)) + ν = AΦ+ ν< ;3<3H>

I!:& B) 0&$%!21!?# J7% !8#2#(?# "#B)*# K!7$$/&( $! ?)'!(#$?#% 1)!*?#% # #%!F#?!1?#%

8#B)*&(#%! @#B! B) $1)8?B! (1#B)8?&$2 0 # (!1#B!?$! σ2/26 L7?:A#B! F7$2#?) 1!$0&8B)*) $*7@!B?)

01&%B)?*B#() x B)

ρx(θ) =
1

(πσ2)MN
exp

{

− 1

σ2
||x−AΦ||2

}

6 ;3<3M>

F8B) B) θ = [aT , A]T ():2&1 0!1!%)2!1! :&B# $) )$2#%#1!< N*)%)?2 OPQ/! ?! 0&'#A#B# (k, l)

B)

Jk,l = −E
{

∂2Λ

∂θk∂θl

}

6

Λ = log ρx(θ) = −MN ln π −MN ln σ2 − 1

σ2
||x−AΦ||2< ;3<RS>

52&F!6 8! "#$%& &81)8#*# )*)%)?2) &() %!21#A)6 ?)&0T&8?& B) &81)8#2# 0!1A#B!*?) #'(&8) Λ

0& ?)0&'?!2#% 0!1!%)21#%!<

P'(&8 Λ 0& 0!1!%)217 ak,l #'?&$#

∂Λ

∂ak,l
=

2

σ2
Re

{

A
∂ΦH

∂ak,l
(x−AΦ)

}

, ;3<RU>

&8!:*) $*#B)8#

−N
{

∂2Λ

∂ak,l∂ap,q

}

=
2

σ2
Re

{

A
∂ΦH

∂ak,l
A
∂Φ

∂ap,q

}

< ;3<R3>

UU



 !"#$%&$' !$()"*+

e1 = [−N/2, . . . , N/2]T ⊗ 1M+1,

e2 = 1N+1 ⊗ [−M/2, . . . ,M/2]T ,

-.&$ /0 1M+1 1 1N+1 &$.1%12%1 !$()"*1 ("3"%+ .041%+ (M + 1) 1 (N + 1), *$/5$()1!%" 1 ⊗
6*"%$7($*8"! 5*"19!"., A∂Φ/∂ak,l /$ '"4$ 5*$./)+!1)1 (+"

A
∂Φ

∂ak,l
= jAek1 · el2 ·Φ. :;<==>

 :;<==> "5$*+)"* (·) 5*$./)+!3&+ ?+.+'+*.8"! 5*"19!".<
@9 :;<=;> 1 :;<==> ."A1&+'"

−B
{

∂2Λ

∂ak,l∂ap,q

}

=
2A2

σ2
(ek1 · el2)T (ep1 · eq2)

=
2A2

σ2

N/2
∑

n=−N/2

nk+p

M/2
∑

m=−M/2

ml+q
< :;<=C>

D312%",

−B
{

∂2Λ

∂ak,l∂A

}

=
2

σ2
Re

{

A
∂ΦH

∂ak,l
Φ

}

=
2

σ2
Re
{

(jAek1 · el2Φ)HΦ
}

= 0, :;<=E>

−B
{

∂2Λ

∂A2

}

=
2

σ2
Re
{

ΦHΦ
}

=
2(N + 1)(M + 1)

σ2
≈ 2NM

σ2
< :;<=F>

G"4$ /$ 5"(+9+)1 .+ &$ '+)*17+ J A3"( .1&+-"%+3%+ H;IJ, 5+ /$ *+20%+%&$ KLMN8+

+'531)0.$ 1 5+*+'$)+*+ O+9$ '"4$ "A+!1)1 %$9+!1/%" &$.%" ". .*0-"-+P

KLMN{A} ≈ σ2

2NM
,

KLMN{a} = σ2

2A2
H−1

1 ⊗H−1
2 , :;<=Q>

-.&$ /0 $3$'$%)1 '+)*17+ H1 1 H2 .+)1 19*+91'+

[H1]k+1,p+1 =

N/2
∑

n=−N/2

nk+p
,

[H2]l+1,q+1 =

M/2
∑

m=−M/2

ml+q
< :;<=R>

I;



 !"#$%&"#' ()* +)' " +'( #','+'#-',%,&,". /0   12)* 34562" 70   12) 89

,%:);"8," '( -)!)#%&)!) -'<",'#) =):%> ?' :,)@" () 8;" 8"A,)<" (P,Q) !%() 8) "8&'#

)#-<"&9('#* "#)$9 "(%,&"@,% 34562';%> ?)+'B%* -!"#$%&"#' () 3456 )#-<"&9(% :);"8"

8)#' '( ("#%,:"$) 8"A,)<) " ;)!"$),8% C9#)* @"#% 8% -'+):9$% () 8,)A) 8"A,)<) ,%#)

:,)@)$) 9 %8&"#)D"$" )#-<"&9(%>

 !" #$%&% '( )*$%+, -%&.)&/(+01 223 %041/(4)&(

E)' C&' 8#' ;%F 9 9;'(,'# ("$%<9 ,)-'#%,9<"* :) 'D$%,9 -%!='!#),8" %8&"#)&'!)

  12) +'!"8&% 8% &!" #$%!%G !)@9,8+) 8<'H%,'8& %8&"#)D"',% -!'D%(9!%* I1J " -!)A 1K42)>

L :);"8,'8&" '( 8"&9)D"$% 9 +'$'$ 8% %8&"#)D"$) 'M);<$)* =);'!":9$% 8% $%(), "<" ;"C% =)+&'!)>

 !"!# $%&'()*% )+,-.(,)/ .)/01%20,(. 34,2.5'4.

N) +',+!%&), !)@9,)!8+" 8"8&%#* !)@9,8+) 8<'H%,'8& $% #$%!) +'$) ()$% ",='!#)D"$9

' ;!%#%,9 :)9:%&'8&" -!'D%8'!) 9 'M);<$),$9 %8&"#)D"$%> E)+' 8% !)@9,)!" #%B98'M,'

!):<"+9$9 -' M!:"," ":;!C);),$)* 9#$%8&' 9 ;!%#%,9* !)@9,8+) 8<'H%,'8& 8% ":!)H);) 9 M!'$9

!)@9,8+". '-%!)D"$)> O+' :,)#' &)$ M!'$* 8) ",='!#)D"$'# ' M!'$9 ",8&!9+D"$) 9 8%+9,("

('M"$)#' " ;!"$%#% ":;!C);),$)> P%8&'* '( ",&%!%8) $% 8)#' -!'D"$%,) !%() ;%<"@",% ';'A)

-)!)#%&!)* -) 8% 8<'H%,'8& ":!)H);) Q(·) ,'&)D"$'#> Q;) ;%<"@",) $% -!%89(), =)+&'! 9
":M'!9 %8&"#)&'!) +'( )-<"+)D"$) +'$% 8% ":;!C);)$9 9 !%)<,'# ;!%#%,9>

 !"! 64.5(7% *8%54%/(% 94.:*%

I1J -!%(8&);<$) #$%!9 +'$'# 8% ":!)H);) &)@,'8& %8&"#)D"',% -!'D%(9!%> Q,) ,)#

A';'!" +'<"+' -'8#)&!)," %8&"#)&'! 9 -!'8"$%+9 A!"$%C">  !%&-'8&);"#' () "#)#' L

%8&"#)D"$) -)!)#%&!) ak* â
i
k* i = 1, . . . , L> I1J -)!)#%&!) ak 8% #'H% '(!%("&" ,) 8<%(%F"

,)@", R/STG

I1J{âk} =
1

L

L
∑

i=1

(ak − âik)
2
> U7>VWX

Y#)$9F" ,) 9#9 () I1J -!%(8&);<$) 8!%(,$9 ;!"$%(,'8& 89#% +;)(!)&) A!%C)+) ,)@",$%,".

-!" %8&"#)D"$"* I1J $% 9;"$%+ -':"&";,) ;%<"@",)* +'$) $% 8) (',$% 8&!),% 'A!),"@%,) ,9<'#>
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/V
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Â =
1

N

∣

∣

∣

∣

∣

∣

N/2
∑

n=−N/2

xd(n)

∣

∣

∣

∣

∣

∣

,

â0 = ∠





N/2
∑

n=−N/2

xd(n)



 .  !"!#

$%



 ! "# $%&'()*)%+& #,+$%$- #%)&'$)*. ($.$'#)$.$ //01$2 )"3 ($.$'#).& #%)&'&.$-& *4*'

(.*5#67.*' %7 8#98&$%-& %$  0:1*' +*"& 6*%)&;# )#*.&"%+# <&'&)# =>?!@A3 !&-#$.-*%)

B7-+5&"# =C3DA *'*E7F$4$ #,+$%-* 7+<$-"$-"# G7'$2 98*E H#E$  ! &'$ (.$E 0I?1$ -$ −5
6@ & -#9$4&%$- "# *6 .#6$ //01$3 J (#.B*.'$-%$'$  !1$ 8&F# 4&G# .&"#H& 7 /*E<$4<"7 K3

J%-*4-& -#6*%)$)$+ *4# #%)&'$5&*-# )#L-&+# "# (*).#8$ 9$ (.#).$E*' (*

P 16&'#-9&*-*' (.*%)*.72 G)* "#2 9$ %&E-$<# 4&G#E$ .#6$2 .$H7-%+& &979#)-* 9$L)"#4-*3

I$&'#2 6$ 8& %# *6.#6&<$ 4.&"#6-*%)  !1$ 7 "#6-*" )$H+&2 (*).#8-* "# %(.*4#%)& (.&8<&;-*

(N + 1) +*'(<#+%-&L %$8&.$-"$ & '-*;#-"$3 M$+* %7 9$ "#6-* +*'(<#+%-* '-*;#-"#

(*).#8-$ 64$ .#$<-$ %$8&.$-"$ & H#)&.& .#$<-$ '-*;#-"$2 & 9$ "#6-* +*'(<#+%-* %$8&.$-"#

64$ .#$<-$ %$8&.$-"$2 %<*;#-*%) B7-+5&"# =C3DA "# 4(N + 1) .#$<-&L %$8&.$-"$ & '-*;#-"$3

J4$ B7-+5&"$ %# .$H7-$ 9$ %4# )$H+# -#+*E 7-$(.&"#6 6#,-&%$-*E P 16&'#-9&*-*E (.*%)*.$3

/*6 (.#)(*%)$4+*' 6$ "# 7+7($- 8.*" )$H$+$ (* "#6-*" *%& (.#).$E# M 2 %<*;#-*%)  !1$

"# 4(N + 1)MP
.#$<-&L %$8&.$-"$ & '-*;#-"$3 /.#6%)$4<"#-* (.#+* J -*)$5&"# *4* &9-*%&

J(NMP ) *(#.$5&"$3 M$+* "#M *8&H-* .#6$ %)*)&-$2 "$%-* "# 6$ "# 7(*).#8$  ! (.*5#67.#

*(.$46$-$ & '*E7F$ 9$ P ≤ 32 "#. "#2 9$ 4#F& .#6 %&E-$<$2 -#'*E7F# &94.G&)& (.#).$E7 7

.#$<-*' 4.#'#-73

M$* $<)#.-$)&4$  ! #%)&'$)*.7 (.#6<*;#-# %7 )#L-&+# -$ 8$9& B$9-*E 6&B#.#-5&.$-"$2

+*"# %7 *(&%$-# 7 -$%)$4+73

 !" #$%&'(&)* +(,-.&/0 1&23'0 4350

N#6$- *6 '*E7F&L -$H&-$ 9$ %'$-"#-"# .$H7-%+# %<*;#-*%)& #%)&'$5&*-# (.*5#67.#

"# %'$-"#-"# .#6$ //01$3 0'$-"#-"# .#6$ %# '*;# *8$4&)& (*'*F7 *(#.$)*.$ /O1$2

.#$<&9*4$-*E (.#+* $7)*1+*.#<$5&*-# B7-+5&"# PQR2 PSRT

/O

0[n] = x(n)

/O

1[n; τ1] = x(n+ τ1)x
∗(n− τ1)

/O

2[n; τ1, τ2] = /O
1[n+ τ2; τ1]

(

/O

1[n− τ2; τ1]
)∗

· · ·

/O

K [n; τ1, τ2, . . . , τK ] = /O
K−1[n+ τK ; τ1, τ2, . . . , τK−1]

×
(

/O

K−1[n− τK ; τ1, τ2, . . . , τK−1]
)∗
, =C3UA

E6"# "# τ = [τ1, τ2, . . . , τK ] %+7( ($.$'#)$.$ (*'"#.$"$ & K .#6 /O *(#.$)*.$2 )"3 8.*"

6&B#.#-5&.$-"$ B$9#3 (P − 1) %7+5#%&4-&L +*.$+$ /O *(#.$)*.$ ).$-%B*.'&G7 //0 s(n)

DV



 !" #! $%&'( ) *+,-./*#0) #10)#+1 ) *2)30/ )4/#"!0+#"1 ω = 2P−1P !∆P−1aP
∏P−1

k=1 τk&

5"+6!7 aP #/ ,+3/ /#"1,12!"1 + 2/819!0:/, -+;1<1:/ ,!*#1,),! ) #-/*"2) #160!.!

=>

P−1[n; τ1, . . . , τP−1]
 

7 ":&
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â2 =
argmaxω |HIE1

x1
(ω; τ)|2

4∆τ1
1 /01NO3
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a1 9#D'9# #;&';*"* *4 EF$ x2(n) /HIE
0
x2
(ω; τ) ,' ,5#;* . #&*-*. (.* EF :#,9 "& .#-

,*-. ( 3
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 ,
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∣

∣

∣

∣

∣

∣

1 /01N03

 !"!# $%&'()*% )+,-.(,)/ 012 .)/34%/,5%

< C* ,' #;&';*( & ?!.,% ,(#D'.#," HIE ',"*9 )*#.' :&#)';!&'= .'#:R#;.# +'

:&'"R#;.# #;&';*"* ,(#D'.#," 7< #:'& "#& 1 S & ?!. .+' (P − 1) *45#; B 4' ,*-. ( 

x(n) ! n$"#9 "&'.!"%!= :#"&'C.# +' *45&@*"* 2(P − 1) &' (.*R , C*& .+ * (P − 1)

NL



 !"#$% &'() "'!*%'+,- ./

P−1[n; τ1, τ2, . . . , τP−1] 01%2, (31,45',0( 3, &6, ! n 7!68+%

&"! 3,'%",1($( & 1,9(6,'+% &(:',$,;< #, +% 5 5#', &$!*%'!&0 #1(2$(*'! 2(P − 1)(N + 1)

1%,$'() &,2(1,'+, ( (P − 1)(N + 1)  !"#$% &'() "'!*%'+,- =, ! &% >?@ 1,45',  ,!

@A{./P−1[n; τ1, τ2, . . . , τP−1]}< , 3',+59( 8, &$!*%'!&0 ,$:!1(0", 3, 1,45','+% 213!: @AB,

(3'!&( M log2M  !"#$% &'() &,2(1,'+, ( "'!*%'+,< :8+% +% M 21!+ !82(1, , &(:',$, 4(+(

&% @A 01,*(< 5 5#', &$!*%'!&0 >?@B, (P − 1) 1%8, +% 2(P − 1)(N + 1) 1%,$'() &,2(1,'+,<

M log2M  !"#$% &'() &,2(1,'+, ( (P − 1)(N + 1) +M log2M  !"#$% &'() "'!*%'+,-

C68+% &"! #!81,35"(+%6,$( 8, +% 85*(', ./

P−1[n; τ1, τ2, . . . , τP−1] M < M > N < +%1< 1,8(

D'(+% %&0(",E(+% #,1,"%01, aP < ./
P−1[n; τ1, τ2, . . . , τP−1] &% "!1, ('0%1#!$(1,0(-

F',+59( 8, +%8'!  !"#$% &'! &,2(1,'+% 3,)0+%6, 86, 1%,$', &,2(1,'+, ( 8, +% +%8'!

 !"#$% &'! "'!*%'+% 1%,$(3!6,'! &, 86, 1%,$', &,2(1,'+, ( 4%0(1( 1%,$', "'!*%'+,< 3,

!81%G(6,'+% >?@

P−1
x (ω; τ)< #!01%2'! +% &#1!6%&0( 4(P − 1)(N + 1) + 4M log2M 1%,$'()

&,2(1,'+, ( 4M log2M 1%,$'() "'!*%'+,- C6!< (31,*%'! #1% ! C(·) '!0,E(+%< (3'!&(

C(M log2M) !#%1,E(+,-

H,  1,+5< 8, 2( &% %&0("(1,$( &6( #,1,"%01( &(:',$, x(n)< >?@ &% 1,45', P #50,< #, +%

5 5#', &$!*%'!&0 >?@ %&0(",E(!'% #1!E%851% C(PM log2M) !#%1,E(+,- C8,68% 6(8("!

8,< 5 #!1%G%'+5 &, IJB!"< >?@ +%< &, &0,'!6(K0, 213('%< "'!:! #1()6,0$+(6(+, 0%)'( ,-

 !"!" #$% &'( )*+,-.+/0.

L, ! #!&0!+( 6%$( ( 21!+ 1,8!6,  !+( &% 2,6% &0,0(&0(4 !" ,',$(3!" >?@ %&0(",0!1,<

3, "!8%$ !#(&,' 1%$,E(+!" 7M-N; 5 $(0%1,051( '% #!&0!+(  !' 1%0', ('O!1",E(+, ! IPQB5

#,1,"%0,1, %&0("(1,'() !6!" #1!E%851!"- F2!: &6!+% +%8'!&0,6'!&0(< ,',$(3, 5 0("

1,8!6(", +% #1%0%*'! O! 5&(1,', ', ,&("%01(4'% ..PB%

 

- P0!:,< 5 ',&0,6 5 9% 2(0( (36%8%'

IPQ  !%DE(+%'0, aP -

IPQ #,1,"%01, aP &% "!*% !81%8(0( #1% ! #%10512,E(!'% ,',$(3% #16!: 1%8, RST- =, !

!6, ,',$(3, #1%0#!&0,6$+, 8, 21!+ !82(1, , &(:',$, 0%*( 2%& !',4'!&0(< 8!2(+%'( 1,35$0,0(

9% #1%8&0,6$+,0( ,&("#0!0& % (31,3%-

.!8 #1%0#!&0,6 !" 8, +% PHU≫V< &,2(1E( 5 ./

P−1[n; τ1, ..., τP−1]  !+( &,81*% 6(K%

!8 +%8'!: K5"'!: 4$,', &% "!:5 3,'%",1(0(< +%1 9%< #1($( !" !81%G(6,'+, IPQB, 76(8(

7S-SN;;< ",0%",0(4 ! !4% (6,'+% #1!(36!8, !6, 6!: &,2(1 , ( '% !: 815:!: &,2(1 , (",0(

 

 ! "!#$%&' () *()+$! (,%-!.(/ "+$!0%1(* 234567 !-%*+8"%9.% *()+$% :"%1+*+ ,(-*!8"!1' ' %.8+":!$'

n ∈ [0, N ]4 ; (:(* "!)'7 *% -*( -+ ()$'9%$% #! -%*+8"%9.% *()+$ <<=>! %# "!#$(/! ?8( ,(*+.'8% *()+$

%*! .%@+ :"%1+).(-8% ABCD>! E5FG7 ?8( +-8%*!0%1' 9%.% ,"+0%#.%1(*4

MV



 !"#$!%&'()# )%('#*"+,-( . +*"+,. "! . $!-#$!-(/0+ +/#0()!"'# 1%+( )+*! *)! ,!2(%0! 0+'(

($!'. 1+ '#*!" 3.$"( /&!"4 5)! 0+",-!-!6('! *!'# "!$ $+7.8"+,- !&-#%"!-()"+7  !1(,!

,(7"!&! "!0+" (P − 1) !.-+90+%#&!6('#:

;<

P−1[n; τ1, ..., τP−1] ≃
2P−1
∏

k=1

sb(k−1)(n)

+
2P−1
∑

i=1

νb(i−1)(n)
2P−1
∏

k=1,k 6=i

sb(k−1)(n) =
2P−1
∏

k=1

sb(k−1)(n)



1 +
2P−1
∑

i=1

νb(i−1)(n)

sb(i−1)(n)



 , =>4?@A

7*'# ,.

νb(i)(n) = ν

(

∑P−2
k=0 C

b(i)
k

)

(

n+
P−2
∑

k=0

(−1)C
b(i)
k τk+1

)

,

sb(i)(n) = s

(

∑P−2
k=0 C

b(i)
k

)

(

n+
P−2
∑

k=0

(−1)C
b(i)
k τk+1

)

,

C
b(i)
k ∈ {0, 1}B s(i)(n) =







s(n), i 1!%"+

s∗(n), i "#1!%"+
, ν(i)(n) =







ν(n), i 1!%"+

ν∗(n), i "#1!%"+
=>4?CA

( C
b(i)
k '# k9-! 6(D%! 2("!%"# %#1%# #"-!6('# 2%+'! iE b(i) 1%#*,-!)&'! 2("!%"(  !1(, 2%+'!

i4 F#1%# #"-!6('! 1%#0+ 2("!%"+7  !1(,! '# +)*'# . #-! 0!0+ 2( ( %! +$ +2.G)!-(&( ,)#

$+7.8# 0+$2("!6('# 1!%!$#-!%! 1+$'#%!'!4 H($2+& ≃ + "!/!)! !1%+0,($!6('.4

I!*! '# ,(7"!& x(n) /(,-+ *#-#%$("(,-(/0(B -'4 0!*! 3.$ "('# 1%(,.-!"B ;< +1#%!-+% "#

7#"#%(3# ("-#%D#%(%!'.8# /&!"+)# 1! '# ( JKL *#-#%$("(,-(/0(

gN(ω) = JKL

P−1
s (ω; τ) = A2P exp(jβ0)

N1
∑

n=−N1

exp(j(ω0 − ω)∆n), =>4?MA

7*'# ,.

β0 = 2P−1(P − 1)!aP−1∆
P−1

P−1
∏

i=1

τi,

ω0 = 2P−1P !aP∆
P−1

P−1
∏

i=1

τi,

N1 = N/2−
∑P−1

i=1
τi. =>4?NA

O.$ ν(n) *+)+*( *+ 1#%-.%2!6('! . JKL

P−1
x (ω; τ)4 5)# 1#%-.%2!6('# ,# ( %!P!)!'. 1%#0+

%! &(0! )%('#*"+,-( JKL9! . 1%(,.,-). 3.$! ( . "'#7+)+$ +*,.,-).:

δgN(ω) = JKL

P−1
x (ω; τ)− JKL

P−1
s (ω; τ)

≃ A2P exp(jβ0)

N1
∑

n=−N1

η(n) exp(−j(ω − ω0)∆n), =>4?QA

R?



 !"# "#

η(n) =
2P−1
∑

i=1

νb(i−1)(n)

sb(i−1)(n)
$%&'()

*+,- ./"0 1/23/"0 42+#! 15024236, 748,& 9,./:#; 42+#! 748,; 1/<0=0", 8,.20848, >?@A,;

ω̂; "# 1/8"#5#-, 4 /!-/24 -, 3,*-4 650"#!-/23; ω0& B C%D; CED 1/.,<,-/ "# !, 2#  5#7.,

δω̂ = ω0 − ω̂; ./", 2# 3/8 150+0./8 15,60; 8/F# 0<5,<030 15#./ 0<6/!, gN(ω) 0 δgN(ω)

δω̂ ≈ −
[

∂2fN(ω0)

∂ω2

]−1 [
∂δfN(ω0)

∂ω

]

, $%&GH)

 !"# 24 I4-.=0"# fN(ω) 0 δfN(ω) !,3# .,/

fN(ω) = gN(ω)g
∗
N(ω), $%&G')

δfN(ω) ≈ gN(ω)δg
∗
N(ω) + g∗N(ω)δgN(ω) = 2Re{gN(ω)δg∗N(ω)}. $%&GG)

J3/ ,; !, K0 /!5#!0+0 δω̂; -#/1L/!-/ "# 0<5,*4-,30 !54 0 0<6/! fN(ω) 1/ ω 4 3,*.0 ω0 0

1560 0<6/! δfN(ω) 1/ ω 4 023/" 3,*.0& M< 5#+,=0", $%&G') 0 $%&GG); +,./ "# <,.+"4*030 !, N# /60

0<6/!0 08,30 2+"#!#N0 /K+0.

∂2fN(ω0)

∂ω2
= 2Re

{

gN(ω0)
∂2g∗N(ω0)

∂ω2
+
∂gN(ω0)

∂ω

∂g∗N(ω0)

∂ω

}

, $%&G%)

∂δfN(ω0)

∂ω
≈ 2Re

{

gN(ω0)
∂δg∗N(ω0)

∂ω
+
∂gN(ω0)

∂ω
δg∗N(ω0)

}

. $%&GO)

B6/:#-"#8 ,15/.208,=0"#

∑b
n=a n

k ≈
∫ b

a
xkdx 0 /8/ 4N,6,-"#8 !0I#5#-=05,-", 1/

!02.5#3-08 6,50",K+,8,; !/K0",8/ 650"#!-/230 -#1/<-,30L *+,-/6, 0<  /5-"# 0<5,<,P

gN(ω0) ≃ 2A2P exp(jβ0)N1,

∂gN(ω0)

∂ω
≃ −jA2P exp(jβ0)

N1
∑

n=−N1

∆n exp(j(ω0 − ω)∆n) = 0,

∂2gN(ω0)

∂ω2
≃ −A2P exp(jβ0)∆

2

N1
∑

n=−N1

n2

= −A2P exp(jβ0)∆
22N

3
1

3
,

δgN(ω0) ≃ A2P exp(jβ0)

N1
∑

n=−N1

η(n) exp(−j(ω − ω0)∆n)

≃ A2P exp(jβ0)

N1
∑

n=−N1

η(n),

GG



∂δgN(ω0)

∂ω
≃ −jA2P∆exp(jβ0)

N1
∑

n=−N1

nη(n).  !"#$%

&'()*+(, -+./01+12'3, -  !"#!% (  !"#4% 56('37(8

∂2fN(ω0)

∂ω2
≃ 2Re

{

gN(ω0)
∂2g∗N(ω0)

∂ω2
+
∂gN(ω0)

∂ω

∂g∗N(ω0)

∂ω

}

≃ 2Re

{

2A2P exp(jβ0)N1

(

−A2P exp(−jβ0)∆22N
3
1

3

)}

≃ −A2P+1

∆28N
4
1

3
,  !"#$%

∂δfN(ω0)

∂ω
≈ 2Re

{

gN(ω0)
∂δg∗N(ω0)

∂ω
+
∂gN(ω0)

∂ω
δg∗N(ω0)

}

≈ 2Re

{

2A2P exp(jβ0)N1

(

jA2P∆exp(−jβ0)
N1
∑

n=−N1

nη∗(n)

)}

≈ 4A2P+1

N1∆Im

{

N1
∑

n=−N1

nη∗(n)

}

&  !"#'%

()*+ ,-.)/0*- ) 12)/+,3-45 δω̂

δω̂ ≈ −
[

∂2fN(ω0)

∂ω2

]−1 [
∂δfN(ω0)

∂ω

]

≈ −
[

−A2P+1

∆28N
4
1

3

]−1
[

4A2P+1

N1∆Im

{

N1
∑

n=−N1

nη∗(n)

}]

=
3 Im

{

∑N1

n=−N1
nη∗(n)

}

2∆N3
1

.  !"#6%

7)04 ω̂ /+ /+,308 *05+*05)(8-* -(+8)103/9 δω̂" :08- /+ 42+,3/0 12)/+,3-45 ;9*0

νb(i−1)(n) 39<0& )*0*-

={η(n)} =
2P−1
∑

i=1

={νb(i−1)(n)}
sb(i−1)(n)

= 0&  !"#>%

-,08<+ 4<)/+,) ,0& 80,0 N →∞& ?@A /+ .+B.)0403 +45)*05-2& 5/"

={δω̂} = 0.  !"!C%

D1- /+ 1+-*0 10E30 -4-.)30 +45)*05-20& 8-/0 F-1-2) ,0 G2)<)8-* +45)*0H)/+ G020*+5020

3+ ,-<0B) ,- 4)45+*0548)I F2+;080

 

" J08-K+& )B1+,+3) B08</9(08& 9 412I9 )4G)5)103/0

 

 !"#$%&#"'$ ()$*'$ "+ ()$*'$ ',-$ .)! .,/,01-$/!% %-$)$/-!%& ,"#&-+ ',/"#&/#/$ !1! "$ %$/-&-+ .,

,2)$3$/,% 4&',/+5

#!



 !"#$"%&'() *+,-&. $%$/01&2& 3)"!45'$  $"!6!'7! 89:-& (& ;<=>-$%. 7!" 7! 2&")7&'(&

ω̂ 7!3'&4& 89:-0 ?2)3) @$/A&2A7! BCD

89: ω̂ (! %$E! )F"&G0'&5) )F %&5!%&5)G4$/ $G!4)2&'7& 42&3"&5& /"!H4!

:{(δω̂)2} ≈ 9

4∆2N6
1

:







Im







N1
∑

p=−N1|

pη∗(p)







Im







N1
∑

q=−N1|

qη∗(q)













. ?IDIJC

K'&701) 3& 7! :{Im{X} Im{Y }} = 1
2
Re{:{XY ∗}−:{XY }}. /$"'7) )F"&F  $(5&7!

:{(δω̂)2} ≈ 9

8∆2N6
1

×Re
N1
∑

p=−N1

N1
∑

q=−N1

{pq [:{η∗(p)η(q)} − : {η∗(p)η∗(q)}]} . ?IDIBC

L&4$ 7! &'&A)F& "!A&M)7! ?IDIBC 2!$%& 4$% A)4$2&'&. )A) /$5$2$ '!%$/01&. 02!3)%$

(A7!3!10  "!5 $(5&240 τ1 = τ2 = ... = τP−1D 9A)G'&  "!5 $(5&24& 7! 4$")H1!'&

) 4$3 &()%!5")G'$/ %$3!A& ()/'&A& NO. 9!4M)7& PPPD;QD R %&5!%&5)G4)% $G!4)2&'7)%&

:{η∗(p)η(q)} ) :{η∗(p)η∗(q)}. '!'0A5! 2")7!3'$(5) )%&1! (&%$ (&S)"M) 0 4$7)%& (!

 $7&2A7070 4$%S)'&M)7! 4$'70/$2&'$/ ) '!4$'70/$2&'$/ H0%'$/ GA&'&D 92&4) $3 $2)T

(&S)"&4& )%& )(50 %&/')5030. σ2/A2
. &A) $'&  $(5$7) 0 "&FA)G)5)% 5&G4&%&. 4$7! F&2)(! $3

4$%S)'&M)7& p. q ) τ D @$4&F07! (! 3& :{η∗(p)η(q)} ) :{η∗(p)η∗(q)} F&3$2$A7&2&70 (A7!3!1!

"!A&M)7!U

:{η∗(p)η(q)} = σ2

A2

(

2P − 2

P − 1

)

δ(p− q)

+
σ2

A2

⌈P
2 ⌉
∑

i=2

(

2P − 2

P − 3 + 2i

)

[δ(p− q + (4i− 4)τ) + δ(p− q − (4i− 4)τ)] ?IDIIC

)

:{η∗(p)η∗(q)} = σ2

A2

⌈P−1
2 ⌉
∑

i=1

(

2P − 2

P − 2 + 2i

)

[δ(p− q + (4i− 2)τ) + δ(p− q − (4i− 2)τ)], ?IDIVC

/37! ⌈·⌉  "!3(5&2A7& $ !"&5$" F&$4"0E)2&'7&  "!%&  "2$% 2!1!% M)7!A$% S"$70D

BV



 !"#$%&'(" )*+**, # )*+*-, .% /0%12 p # q3 425#'%"2

N1
∑

p=−N1

N1
∑

q=−N1

pq

[

σ2

A2

(

2P − 2

P − 1

)

δ(p− q)

+
σ2

A2

⌈P
2 ⌉
∑

i=2

(

2P − 2

P − 3 + 2i

)

[δ(p− q + (4i− 4)τ) + δ(p− q − (4i− 4)τ)]







=
2σ2

3A2

(

2P − 2

P − 1

)

N3
1 +

2σ2

A2

⌈P
2 ⌉
∑

i=2

(

2P − 2

P − 3 + 2i

)max{N1−(4i−4)τ,−N1}
∑

p=−N1

p(p+ (4i− 4)τ) )*+*6,

#

N1
∑

p=−N1

N1
∑

q=−N1

pq







σ2

A2

⌈P−1
2 ⌉
∑

i=1

(

2P − 2

P − 2 + 2i

)

[δ(p− q + (4i− 2)τ) + δ(p− q − (4i− 2)τ)]







=
2σ2

A2

⌈P−1
2 ⌉
∑

i=1

(

2P − 2

P − 2 + 2i

)max{N1−(4i−2)τ,−N1}
∑

p=−N1

p(p+ (4i− 2)τ). )*+*7,

80$9:%0%&'(" )*+*6, # )*+*7, ! )*+*;,3 425#'%"2 12&%<%& #.$%. .% ={(δω̂)2}

={(δω̂)2} ≈ 9σ2

4A2∆2N6
1







1

3

(

2P − 2

P − 1

)

N3
1 +

⌈P
2 ⌉
∑

i=2

(

2P − 2

P − 3 + 2i

)max{N1−(4i−4)τ,−N1}
∑

p=−N1

×p(p+ (4i− 4)τ)−
⌈P−1

2 ⌉
∑

i=1

(

2P − 2

P − 2 + 2i

)max{N1−(4i−2)τ,−N1}
∑

p=−N1

p(p+ (4i− 2)τ)






)*+*>,

=
9σ2

4A2∆2N6
1

[Γ1 − Γ2], )*+*?,

@4'( '(

Γ1 =
1

3

(

2P − 2

P − 1

)

N3
1 +

⌈P
2 ⌉
∑

i=2

(

2P − 2

P − 3 + 2i

)max{N1−(4i−4)τ,−N1}
∑

p=−N1

p(p+ (4i− 4)τ),

Γ2 =

⌈P−1
2 ⌉
∑

i=1

(

2P − 2

P − 2 + 2i

)max{N1−(4i−2)τ,−N1}
∑

p=−N1

p(p+ (4i− 2)τ). )*+*A,

B%12 '( ω0 C$2C2$D#2&%E&2 aP 3 :'+

ω0 = 2P−1P !αP∆
P−1τP−1, )*+-F,

G = âP '(
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#$ %&'()*+&, ($-.$. /&0*/& ($1*23( $.45)67.4 %.  !" +* $.1(2( &% 8.-./*3.-. 9.$*

2(,+.5. ( %. 2. 8&-.23&/ -*%. 2(,+.5.: -.23* ( 6%.5)*+&23  !";. &% <=>?;.@  !" )* 3.4&A*

625&15)*+ ( ($'&-&/ 8.-./*3-. 8&/)*-.).@ B.4& +. &1.) 8.-./*3.- /&0*/& %(-*43+&

63(C.3(: +*&8D&%+& )* 8-&+.E( 1-()*%+&23 τ 4&). %.)* /(+(/.5+6 ,-*F46@

 !"#$%&'( τ

G. 1-()*%+&23  !";. âP 6 1*5(4&) /)*-( 63(7* ($'&- τ @ H.-./*3.- τ 3-*'. ($.'-.3(
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∑P−1

i=1 τ
(l)
i )

)2

P−1[n; τ
(l)
1 , ..., τ

(l)
P−1] exp (−jωFln∆) , -./031
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 !" %'

9,*)-)./*) a0 ) A %/'

â0 = ∠

(

∑N/2
n=−N/2 x0(n)

)

;
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xl(n) = exp

(

j

Pk
∑

i=1

ai(∆n)
i

)

+ ν(n)) l = 1, 2) *+,-./

% 01 ai 231 #4"!'0" 1'151&4 !16473" B = [12π) 6π) 14π) 19π) 11π) 4π] &" i8470 279$:$0$ $

P1 = 5) P2 = 6) ∆ = 2/257) N = 128, ;<= 01 3"95"43"& &" $&413!"'> 7 −4  ?  7 30

 ? > 673":$5" 7 2  ?, @" A$ 7 31 $'$ B;C 2751&>4$D 1#4$5"473") 673$#4$'$ #57 B7&41

E"3'7 #$5>'":$01 #" >6>2&7 200 $413":$0", @7A$01&$ 319>'4"4$ 9" F14$3$ &"0!$G" 2"3"5143"

H"91 #> 23$6"9"&$ &" ;'$:$ +,-, I3"J:$ > 23!70 67'7&$ #'$61 7 %7!"3"0> #$%&"'> x2(n))  76

7&$ >  3>%70 67'7&$ 7 %7!"3"0> #$%&"'> x1(n),

;" #'$61 #1  " >7F$4$  " KLM $ NKLM $5"0> 9&"F"0&7 '7G$01 213H735"&#1 > 7 &7#>

&" KO8ENM $ KO8P@, <"$51) 9A7% !$#761 !3$01 &7#4$ 23"%" ;<=8" *18  ? 9" #$%&"'

x1(n) $ 22  ? 9" #$%&"' x2(n)/ KLM #1 $9 !"0" 6"7 41D&$6" F$01 H>&6:$7&$#"&01 01 57%>Q1

01 $&7 9" !$G1 !3$01 &7#4$ ;<=8", N3"% ;<=8" NKLM8" 01 9" 767 8  ? 5"&0$ > 7 &7#> &"

7 %7!"3"0>Q$ 23"% KLM8")  76 KO8ENM $ KO8P@ $5"0> 23"%7!1 670$ #> &19"!$#&$ 7 31 "

#$%&"'" $ $9&7#1 0  ? 9" !1Q$&> 671J:$01&"4", B;C KLM8" $ NKLM8" > 27 3>F$0$5" % 01

41 41D&$61  "0> 9" 7!7'0"!"0>Q1 319>'4"41 01 9" 767 6  ? !1Q$ > 7 &7#> &" 7 %7!"3"0>Q$

E=R?,

B;C8$ 2"3&$D $ &12"3&$D 2"3"514"3" 7 31S1&$D 2757Q> KO8ENM8" $ KO8P@8")

31#2164$!&7) #1 &"'"91 &" 7 %7!"3"0>Q$5 E=R?87!$5")  76) > 9"!$#&7#4$  " '$ 01 31 

#$%&"'" 2"3"& $'$ &1) B;C8$ &12"3&$D *KO8ENM/T2"3&$D *KO8P@/ 2"3"514"3" #1 27&"G"0>

3"9'$F$47, U" &12"3&7 P ) B;C8$ KO8ENM 2"3"514"3" a5 $ a3 #>  7#4" A'$9> E=R?87!")

"'$ &0$D7!$ 23"%7!$ ;<=8" #> &" 12  ?, U" 2"3&7 P ) 1!$ 1&4"& 01 !1'$6$ B;C KO8ENM

2"3"514"3" a5 $ a3, ;'$F&" #$4>":$0" 01 $ #" KO8P@875, U" &12"3&7 P ) 2"3&$ 2"3"5143$

1#4$5$3"&$ 7!75 237:1 >375 $5"0> B;C 670$ 2315"G>01 B;C KLM8" $ NKLM8")  76 01)

9" 2"3&7 P ) B;C  7#4" A'$9> E=R?8",

V9 7!7%" 23$5013" $9!7 $ #1 9"6'0>F"6  " 01) > #'>F"0> &12"3&7% P ) A7'01 673$#4$4$

KO8ENM) ") > #'>F"0> 2"3&7% P ) KO8P@, O &"F$&$5" 9" 27A7'0G"&01 213H735"&#$ 7!$D

237:1 >3" A$Q1 3$01F$ > &"31 &75 27%'"!'0>,

W.
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 !"!# $!%&'"&()* $+,-,./!"'0,#! /,1.23, 3!(, $+,45/'"&('() (,4., !4 %&'".21

4!$+2.!5' !", /,-, ) ,5/2#'62(2 $'+'#,/'+' 7789': ;,1.23, 5) <'-2+'., .' #!42=3'62(2

,5/2#'/!+' 7789' !$25'.21 ) $+,/1!4.!# $!%&'"&(): 8 62&(,# $!<!&(>'.(' $,+?!+#'.52

!"21 ,5/2#'/!+'* 4,=.25'0,#! ,5/2#'62!., /,1.23, 3!(, ) 5"!(!( $+!6,4)+2 2#$&,#,./2+'()

#'.(2 <+!( 7@9' 2 3!(, .'5/!(, 4' !A)"'() >/! (, #!%)0, 4)B2 52%.'& .'3!. 7@9': ;'3!C,*

+'5$+'"&('0,#! 2 ! .'A2.) 3'3! .,&2.,'+.! !4'<2+'.(, 52%.'&' #!B, $!#!02 ) $!<!&(>'.()

$,+?!+#'.52 D7E9':

 !" #$%&$'($ )*+,#-+ ./0$1203&

F&()A.2 )/26'( .' /'A.!5/ ,5/2#'/!+' 2#' .(,%!" 5/,$,. .,&2.,'+.!5/2: G/! (, !"'

",&2A2.' ",0'* ,5/2#'62(' (, $!4&!B.2(' %+,>3'#' 2 !<+'/.!: ;, %+,>3, 5, !%&,4'() 3'3!

) "25!3!# $+'%) 8HI9'* /'3! 2 ) $!",0'.!( "+2(,4.!5/2 J8K9': L<!% ",&23!% 5/,$,.'

.,&2.,'+.!5/2 -' 52%.'&, ",0,%' +,4'* 3!(2 +'5/, 5' $!+'5/!# P * MNE 2#' "25!3 $+'%

8HI9' 2 !%+'.2A,. (, .' 7789, .2B,%' +,4':  $+,/1!4.!# $!%&'"&() "24(,&2 5#! 4'

$!5/!(, 4"' .'A2.' -' $!<!&(>'.(, $,+?!+#'.52 MNE ,5/2#'/!+'O 5#'.(,.(, <+!(' 7@9' 2

#!42=3'62(' ')/!93!+,&'62!., ?).362(, $+,3! 3!(, (, +,'&2-!"'. 7@: P<' .'A2.' +,-)&/)() )

5#'.(,.() 5/,$,.' .,&2.,'+.!5/2 ,5/2#'/!+53, ?).362(,: M2<+24.2 D7E9MNE QMD7E9MNER
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+,

P−3[n; τ1, ..., τP−3] = A2P−3

exp{jC3aP (n∆)
3 + jC2aP−1(n∆)

2

+j(C ′1aP−2 + C ′′1aP )(n∆) + j(C ′0aP−3 + C ′′0aP−1)}+ νx(n),  !"#$

%&'( )*+

C3 = 2P−4
P !ΠP−3

i=1 (τi∆)

3
,

C2 = 2P−4(P − 1)!ΠP−3
i=1 (τi∆),

C ′1 = 2P−3(P − 2)!ΠP−3
i=1 (τi∆),

C ′′1 = 2P−4
P !

3

[

∑P−3

i=1
(τi∆)

2
]

ΠP−3
i=1 (τi∆),

C ′0 = 2P−3(P − 3)!ΠP−3
i=1 (τi∆),

C ′′0 = 2P−4
(P − 1)!

3

[

∑P−3

i=1
(τi∆)

2
]

ΠP−3
i=1 (τi∆)  !",$

- νx(n) '( )*./ )0-1 23/450/ * 65'-./ )( 7*. 85'/03'*'( '(&45. -3- 0-7( 8*9/" :/ 8;-.'(;<

=/ P = 4< νx(n) = s(n+ τ1)ν
∗(n− τ1) + ν(n+ τ1)s

∗(n− τ1) + ν(n+ τ1)ν
∗(n− τ1)" >/65

)* &0/ 4/'0-7/ 8/;/.(9;/ * ?/=-  !"#$ &-;(6945 8;585;@-54/34/ 4/'0-7-. 8/;/.(9;-./ ?/=(

)-%4/3/ x(n)< aP - aP−1 .5%* )( ()9-.-;/9- 85.5A* BCDE/< ;/2*4/95% * &0-'( 9/26(< n = 0

- n = n1+

âP−1 = Ω̂0/(2C2),

âP = (Ω̂n1 − Ω̂0)/(6n1∆C3),

Ω̂0 = argmax
Ω
|BCDx(0,Ω)|2,

Ω̂n1 = argmax
Ω
|BCDx(n1,Ω)|2,

BCDx(0,Ω) =
∑

k
CF

P−3[k; τ1, ..., τP−3]

×CF

P−3[−k; τ1, ..., τP−3] exp(−jΩ(k∆)2),

BCDx(n1,Ω) =
∑

k
CF

P−3[n1 + k; τ1, ..., τP−3]

×CF

P−3[n1 − k; τ1, ..., τP−3] exp(−jΩ(k∆)2).  !"G$

C/;/.(9;- 4-H(%/ ;(&/ )( .5%* 5&;(&-9- 4/ &0/ 4/2-4/" C;0- '( &/ ()9-.-;/.5 )0(

8/;/.(9;( CF

P−3[n; τ1, ..., τP−3] - -= 4'-1 5&;(&-.5 aP−2 - aP−3" F;*%- 4/2-4 '( &/ *6354-.5

âP - âP−1 -= ?/=( )-%4/3/ x(n) - 85450-.5 8;5@(&*;*" :/7/ -)9;/H-0/4'/ )* 856/=/3/ &/ '(<

)/ )9/450-79/ 9/245)9-< &;*%- 8;-)9*8 I53'- - =I5% 95%/ A( 54 I-9- *=(9 * 5I=-; * 4/)9/06*"

J3%5;-9/.< 65'- -3*)9;*'( KBCDEKJD 8;5@(&*;*< '( 8;-6/=/4 * L/I(3- !"#"

!G



 !"#$%&#& xp(n) = x(n) & p = P '

 !"#$ p > 2

("#&)&*$#& +!,-.&/,0#, ap & ap−1 1!)!23 45 674867$

âp−1 = Ω̂0/(2C2)9

âp = (Ω̂n1 − Ω̂0)/(6n1∆C3)9

Ω̂0 = argmaxΩ |5 6xp
(0,Ω)|29

Ω̂n1 = argmaxΩ |5 6xp
(n1,Ω)|29

5 6xp
(0,Ω) =

∑

k  :
P−3[k; τ1, ..., τP−3]

× :P−3[−k; τ1, ..., τP−3] exp(−jΩ(k∆)2)9
5 6xp

(n1,Ω) =
∑

k  :
P−3[n1 + k; τ1, ..., τP−3]

× :P−3[n1 − k; τ1, ..., τP−3] exp(−jΩ(k∆)2)'
;+<!0&#& ,"#&)&*$0, +!,-.&/,0#, &= >$=, "&?0$<$

xp−2(n) = xp(n) exp (−jâp(n∆)p − jâp−1(n∆)
p−1)'

 !"#$%&#& p = p− 2'

$%&  !"#$

"' p = 2

("#&)&*$#& a2

â2 = 0.5 argmaxω

∣

∣

∣
486

1
xp
(ω)
∣

∣

∣

2

'

;+<!0&#& ,"#&)&*$0& +!,-.&/,0# &= >$=, "&?0$<$

x1(n) = xp(n) exp (−jâ2(n∆)2)'
$%& "'

("#&)&*$#& a1

â1 = argmaxω
∣

∣

486

0
x1
(ω)
∣

∣

2
'

;+<!0&#& ,"#&)&*$0& +!,-.&/,0# &= >$=, "&?0$<$

x0(n) = x1(n) exp (−jâ1(n∆))'
("#&)&*$#& a0 & A

â0 = ∠

(

∑N/2
n=−N/2 x0(n)

)

9

Â = 1
N

∣

∣

∣

∑N/2
n=−N/2 x0(n)

∣

∣

∣
'
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 !"# $# %&' '(&) $"'&(!) *+)( ,+)$- .'&)/' !  .'&)/' 0%+),)/'&!1 20")"3 4'%.!,' !%"#50

*+)(' !&6#+7#+!+'(08!1  .'&)/' 9:;<-9=<-' ! 9=<-' >+'$6! &) +'$6# $' ?)+'$6)" +#>'

$!@&'.'3 A' $!@&'. P -6)@ +#>' (P > 1)B 9=< $'>+C! 22
P−1 − 1 !&6#+7#+!+'(08!1  .'&)/'B >),

(# 6'( *+)( ,)> 9:;<-9=<-' 22
P−2−13 D/) %&' ! >'B +#E!")B ,'>' (# P = 5B 9:;<-9=<

!"' 65278 !&6#+7#+!+'(08!1  .'&)/' "'&(# )> 9=<-'3 ;)+#> 6)@'B ,',) 9:;<-9=< ,)+!$6!

(P − 3) ;F-'B +#%0.60(08! $!@&'. &',)& 7'%&)@ >!7#+#&E!+'&(' (# >0C!B ?' (# ! 06!E'( 20"'

&' 6' &)$6 #$6!"'E!(# "'&(!3 G' 9:;<-9=<-)" $") $"'&(!.! ! 06!E'( ?+)?'@'E!(# @+#2,#B

*0>08! >' !$6)/+#"#&) )>+#50(#") ?) >/' ?'+'"#6+' 7'%# $!@&'.'B ?' 6#, )&>' /+2!")

>#E1!+?)/'&(#3

 !"!" #$%&'()$ (*+,-'+(. /0123/423$

F' *! $# #$6!"!+'.' >/' &'(/!2' ?'+'"#6+' 0 7'%! $!@&'.' x(n)B ?)6+#*&) (# !%/+2!6!

?+!*.!C&) 6(P − 3)(N + 1) + 16MN +#'.&!1 $'*!+'&(' ! 8(P − 3)(N + 1) + 32MN +#'.&!1

"&)C#&('B @>(# (# M *+)( 6' ',' &' Ω )$!3 H) %&' ! >' (# $.)C#&)$6 ?+/)@ ,)+','

9:;<-9=<-' +#>' DIMNJ )?#+'E!('3 ;)> ?+#6?)$6'/,)" >' #$6!"'E!(# ?'+'"#6+' a1B

%' ?'+&) P ! {a1, a2}B %' &#?'+&) P B !"'(0 !$60 $.)C#&)$6 ,') +' 0&'&(# :;<-' 0 (#>&)(

! >/!(# 6' ,#B +#$?#,6!/&)B 0,0?&' $.)C#&)$6 9:;<-9=<-' (# DIPNMJ )?#+'E!('3 D/'

$.)C#&)$6 (# &#26) /#8' 0 )>&)$0 &' $.)C#&)$6 9=<-'B '.!B ?+!"(#6!")B >' $# !$6' ")C#

$"'&(!6! 0?)6+#*)" 6#1&!,' %' +'%*!('&(# :;<-' &' *.),)/#3 K% +'%.)@' "'.# +' 0&$,#

,)"?.#,$&)$6!B 0 )/)( '&'.!%! $.)C#&)$6!B %'&#"'+!.! $") *+)( )?#+'E!(' ?)6+#*&!1 %'

>#E1!+?)/'&(# $!@&'.'B ,') ! %' )>+#5!/'&(# !&!E!('.&# 7'%# ! '"?.!60>#3 4#.'6!/&) "'.'

$.)C#&)$6 )")@08'/' 0?)6+#*0 9:;<-9=<-' 0 $E#&'+!(!"' ,)(! %'16!(#/'(0 #$6!"'E!(0

?'+'"#6'+' ;;G-' 0 +#'.&)" /+#"#&03

 !"!5 678 /0123/42 -(.9:$.+;$

LGM ?'+'"#6'+' aP ! aP−1 $# ")@0 )>+#>!6! '&'.!%)" $.! &)( )&)( ,)(' (# $?+)/#>#&'

0 G#,E!(! N3O3O3 F' *! )>+#>!.! )/# !%+'%#B &#)?1)>&) (# ?+#61)>&) )>+#>!6! LGM ?'+'"#6+'

Ω3

 !" #$%$&'(%$ Ω

K )/>(# $#B ,') ! 0 G#,E!(! N3O3OB ")C# ?+#6?)$6'/!6! $E#&'+!) /#.!,)@ GP4-'3 ;)> 6)"

?+#6?)$6'/,)"B $/!  .'&)/! 0 ;F

P−3[n; τ1, ..., τP−3] ,)(! $'>+C# /!2# )> (#>'& 20"&!  .'&

QR



 ! "#$% &'(!"')*+*, +-.

/0

P−3[n; τ1, ..., τP−3] ≃
2P−3
∏

k=1

sb(k−1)(n) +
2P−3
∑

i=1

νb(i−1)(n)
2P−3
∏

k=1,k 6=i

sb(k−1)(n), 12.23

$4-! -!  '4'

νb(i)(n) = ν

(

∑P−4
k=0 C

b(i)
k

)

(

n+
P−4
∑

k=0

(−1)C
b(i)
k τk+1

)

,

sb(i)(n) = s

(

∑P−4
k=0 C

b(i)
k

)

(

n+
P−4
∑

k=0

(−1)C
b(i)
k τk+1

)

. 12.53

/')'"!+)* C
b(i)
k , s(i)(n) * ν(i)(n) *"'-% * +# &('6!(-! 7'# * 7#4 89:;' 1<*4* )!='>*-% 1?.@533.

A'7# 8B/:;89: % C# =!4(-!" 7#)'7% )'6%(' '%+#;7#)!='>*-% 12.23, +-. /0

P−3[n +

m; τ1, ..., τP−3]/0

P−3[n − m; τ1, ..., τP−3], (!#CD#4(# -! #4)!4*+* #E=*7  *$('=' ('7#( #<!

'%+#;7#)!='>*-!. FE#$ %<!4!(! C)!+C# +'<7! # <!=*7#" GHI;%, * #<4-! "#J!"# &'(!"')*+*

 'E*)7! % 7#-*"'  ! K%" C#-'<=-%-! <*K! #4 -!4(#". H' # (#<% #<#$', *& 12.23  =*-!4*

/0

P−3[n+m; τ1, ..., τP−3]/0

P−3[n−m; τ1, ..., τP−3]

≃
2P−3
∏

k=1

sb(k−1)(n+m)sb(k−1)(n−m)

×



1 +
2P−3
∑

i=1

(νb(i−1)(n−m)sb(i−1)(n+m) + νb(i−1)(n+m)sb(i−1)(n−m))

sb(i−1)(n+m)sb(i−1)(n−m)



 . 12.L3

M #4 % +<% K%"' x(n) = s(n), C' -! 8B/:;89: *4!'=(#  7#(>!(+)* '( #7# 4)%$#$

*&<#4' N'&!  *$('=' /0

P−3[n; τ1, ..., τP−3]. O)*-!4(# +* 8B/:;89:;'  %, % #<#"  =%6'-%,

4!+!)"*(* +*67! * "#$%  ! *&)'&*+* )!='>*-#"P

gN(Ω) = B/:s(n1,Ω) = A2P−2

exp(jβ0)

N1−|n1|
∑

p=−N1+|n1|

exp(j(Ω0 − Ω)(∆p)2), 12.Q3

$4-! -! β0 C')'"!+') 7#-* -! (!&'<* '( #4 ∆ * p, *

Ω0 = 6C3aPn1∆+ 2C2aP−1,

N1 = N/2−
∑P−3

i=1
τi. 12.R3

S%" ν(n) %&)#7%-! C!)+%)E'>*-! %  C!7+)% B/:;' 7#-!  ! C)!4 +'<=-'-% C)!7# )'&=*7!

B/:;#<' )'6%('+*D &'  *$('= % C)* % +<% * #4 % +<% K%"'P

δgN(Ω) = B/:x(n1,Ω)− B/:s(n1,Ω)

≃ A2P−2

exp(jβ0)

N1−|n1|
∑

p=−N1+|n1|

ηn1(p) exp(−j(Ω− Ω0)(∆p)
2), 12.T3

2L



 !"# "#

ηn1(p) =
2P−3
∑

i=1

νb(i−1)(n1 − p)sb(i−1)(n1 + p) + νb(i−1)(n1 + p)sb(i−1)(n1 − p)

sb(i−1)(n1 + p)sb(i−1)(n1 − p)
$%&'()

*+,- ./"0 1/20*# /! 345,& 6# 1#72478,90"# 420*4 !, Ω̂ 84!# 1/5"#7#- 4 /!-/:4 -, 2,*-4

;70"#!-/:2 Ω0& <7#3., δΩ̂ = Ω0− Ω̂ 4=7/./;,-, 345/5> 5/?# :# 17#!:2,;020 17#./ 7#+,90",

0=;#!#-0@ 4 ABC 0 ADC

δΩ̂ ≈ −
[

∂2fN(Ω0)

∂Ω2

]−1 [
∂δfN(Ω0)

∂Ω

]

, $%&'')

 !"# "#

fN(Ω) = gN(Ω)g
∗
N(Ω), $%&'E)

δfN(Ω) ≈ gN(Ω)δg
∗
N(Ω) + g∗N(Ω)δgN(Ω) = 2Re{gN(Ω)δg∗N(Ω)}. $%&'B)

F=  /7-"0@ 0=7,=, 1705"#G4"#5/ !, /!7#H0;,-"# δΩ̂ =,@20"#;, 7,*4-,-"# 0=;/!, I4-.90",

fN(Ω) 0 δfN(Ω) 4 2,*.0 Ω0& J705"#-/5 /:/80-# 0=;/!, 17/0=;/!, !;0"# I4-.90"#> 0= $%&'E)

0 $%&'B)> :+0"#!0

∂2fN(Ω0)

∂Ω2
= 2Re

{

gN(Ω0)
∂2g∗N(Ω0)

∂Ω2
+
∂gN(Ω0)

∂Ω

∂g∗N(Ω0)

∂Ω

}

, $%&'%)

∂δfN(Ω0)

∂Ω
≈ 2Re

{

gN(Ω0)
∂δg∗N(Ω0)

∂Ω
+
∂gN(Ω0)

∂Ω
δg∗N(Ω0)

}

& $%&'K)

J/! 17#21/:2,;./5 !, :4 gN(Ω) 0 δgN(Ω) !0I#7#-90",80+-# I4-.90"# 0 !, :# 7,*4-,-"#

:45# /8+0.,

∑b
n=a n

k
5/?# ,17/.:0507,20 7,*4-,-"#5 0-2# 7,+,

∫ b

a
xkdx> 5/?#5/ /!7#!020

*+,-/;# 0= 0=7,=, $%&'%) 0 $%&'K)

gN(Ω0) ≃ 2A2P−2

exp(jβ0)(N1 − |n1|),

∂gN(Ω0)

∂Ω
≃ −2jA2P−2

∆2 exp(jβ0)
(N1 − |n1|)3

3
,

∂2gN(Ω0)

∂Ω2
≃ −2A2P−2

∆4 exp(jβ0)
(N1 − |n1|)5

5
,

δgN(Ω0) ≃ A2P−2

exp(jβ0)

N1−|n1|
∑

p=−N1+|n1|

ηn1(p),

∂δgN(Ω0)

∂Ω
≃ −jA2P−2

∆2 exp(jβ0)

N1−|n1|
∑

p=−N1+|n1|

p2ηn1(p)& $%&'D)

L;732,;,-"#5 !/80"#-0@ ;70"#!-/:20 4 $%&'%) 0 $%&'K)> -#1/=-,20 0=;/!0 1/1705,"4 :+#!#G0

/8+0.M

∂2fN(Ω0)

∂Ω2
≃ −32A

2P−1
∆4(N1 − |n1|)6
45

, $%&'N)

%N



∂δfN(Ω0)

∂Ω
≈ 4A2P−1

∆2(N1 − |n1|) Im







N1−|n1|
∑

p=−N1+|n1|

(

p2 − (N1 − |n1|)2
3

)

η∗n1
(p)







 !"#$%&

'()*+ ,-+)./*+ 0 !"#$$& 1*2()-+*

δΩ̂ ≈ −
45 Im

{

∑N1−|n1|
p=−N1+|n1|

(

p2 − (N1−|n1|)2

3

)

η∗n1
(p)
}

8∆2(N1 − |n1|)5
. !"#$3&

4-5* ). 67.1/)- 87().1/*69 :0+- ).1/-5- /0;( <{η∗n1
(p)}=0 >?@AB>CA ). 2.,2(-6-/

.69(+-9*7 Ω 9)#

<{δΩ̂} ≈ 0#

@*:9* 6. D-7-+.97( 18- /-)8(:- 7.1- E-,. @@FB- 7-'0/-)0 /- *6/*80 .69(+-G(). Ω 

,-5;)0'0).+* 1- 60 ( .69(+-G(). âP ( âP−1 9-5*H. 2.,2(-6/. :9* /-+ 5-* ( 5*1

>CAB- *+*I0J-8- 1(7.59/* D*7.H./). KF<B- .69(+(7-/(L 5*.MG()./-9- 6- *1I*8-7-)0J(+

?NOPB*8(+-#

KF< Ω̂ D7.169-8;)- +-9.+-9('5* *'.5(8-/). 58-17-9- I7.:5. δΩ̂ 9)#

<{(δΩ̂)2} ≈ 2025

64∆4(N1 − |n1|)10

×<







Im







N1−|n1|
∑

p=−N1+|n1|

(

p2 − (N1 − |n1|)2
3

)

η∗n1
(p)







!"#QR&

× Im







N1−|n1|
∑

q=−N1+|n1|

(

q2 − (N1 − |n1|)2
3

)

η∗n1
(q)













. !"#Q$&

4*7(:J./).+ (1./9(9.9- <{Im{X} Im{Y }} = 1
2
Re{<{XY ∗}−<{XY }} I*7/)( (,7-, 6.

+*S. 68.69( /-T

<{(δΩ̂)2} ≈ 2025

128∆4(N1 − |n1|)10

×Re







N1−|n1|
∑

p=−N1+|n1|

N1−|n1|
∑

q=−N1+|n1|

(

p2 − (N1 − |n1|)2
3

)(

q2 − (N1 − |n1|)2
3

)

×
[

<{η∗n1
(p)ηn1(q)} − <

{

η∗n1
(p)η∗n1

(q)
}]}

. !"#QQ&

U- 2(6+* *17.1(;( KF< I7.:5. δΩ̂ /.*DL*1/* ). *17.1(9( +-9.+-9('5- *'.5(8-/)-

<{η∗n1
(p)ηn1(q)} ( <

{

η∗n1
(p)η∗n1

(q)
}

# C5* 2(6+* ,- D-7-+.97. D*+).7-)- 068*)(;( /.5.

D7*(,8*;)/. 87().1/*69( *8- *'.5(8-/)- 2( 2(;* 87;* 9.:5* (;( '-5 /.+*I0J. (,7-'0/-9(#

V2*I 9*I- J.+* /-1-;). D7.9D*69-8(9( τ1 = τ2 = ... = τP−3# @*1 9*+ D7.9D*69-85*+ 

"%



 ! "#$" %&'(!) *+$ ',-.! +-,* * ' /#- *%' 0&*'1%*)- η∗n1
(p)ηn1(q) ' η

∗
n1
(p)η∗n1

(q) " 2*(',-

+! (-%#(- (!)- 2* ("3*%- ' ' (!)-  !2* ("3*%- ' 4", ' /#- 5 6*7! +! 0*2-1-$' )- %-7'8

9{η∗n1
(p)ηn1(q)} =

2σ2

A2

(

2P − 6

P − 3

)

[δ(p− q) + δ(p+ q)]

+
2σ2

A2

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)

[δ(p− q + (4i− 4)τ) + δ(p− q − (4i− 4)τ)

+δ(p+ q + (4i− 4 )τ) + δ(p+ q − (4i− 4)τ)],  !"#$%

&{η∗n1
(p)η∗n1

(q)} = 2σ2

A2

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)

[δ(p+ q + (4i− 2)τ)

+δ(p+ q − (4i− 2)τ) + δ(p− q + (4i− 2)τ) + δ(p− q − (4i− 2)τ)]"  !"#!%

'()*+,-.* )-/01*2-  !"#$% *  !"#!%3 *404(

N1−|n1|
∑

p=−N1+|n1|

N1−|n1|
∑

q=−N1+|n1|

(

p2 − (N1 − |n1|)2
3

)(

q2 − (N1 − |n1|)2
3

)

&{η∗n1
(p)ηn1(q)}

= 4
σ2

A2

(

2P − 6

P − 3

)

∑N1−|n1|

p=−N1+|n1|

(

(p2 − (N1 − |n1|)2
3

)

)2

+4
σ2

A2

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)

∑max{−N1+|n1|,N1−|n1|−(4i−4)τ}

p=max{−N1+|n1|,−N1+|n1|−(4i−4)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p+ (4i− 4)τ)2 − (N1 − |n1|)2
3

)

+4
σ2

A2

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)

∑min{N1−|n1|,N1−|n1|+(4i−4)τ}

p=min{N1−|n1|,−N1+|n1|+(4i−4)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p− (4i− 4)τ)2 − (N1 − |n1|)2
3

)

 !"#5%

*

N1−|n1|
∑

p=−N1+|n1|

N1−|n1|
∑

q=−N1+|n1|

(

p2 − (N1 − |n1|)2
3

)(

q2 − (N1 − |n1|)2
3

)

&{η∗n1
(p)η∗n1

(q)}

= 4
σ2

A2

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)

∑max{−N1+|n1|,N1−|n1|−(4i−2)τ}

p=max{−N1+|n1|,−N1+|n1|−(4i−2)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p+ (4i− 2)τ)2 − (N1 − |n1|)2
3

)

+4
σ2

A2

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)

∑min{N1−|n1|,N1−|n1|+(4i−2)τ}

p=min{N1−|n1|,−N1+|n1|+(4i−2)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p− (4i− 2)τ)2 − (N1 − |n1|)2
3

)

3  !"#6%

!7



 !"# $%&% '( )*+'!, ) -./001# &%2( $"3%4%3 ,5+%5 5% 6{(δΩ̂)2}7

6{(δΩ̂)2} ≈ 2025σ2(Γ1(n1)− Γ2(n1))

32A2∆4(N1 − |n1|)10
, -./081

9&2( ')7

Γ1(n1) =

(

2P − 6

P − 3

)

∑N1−|n1|

p=−N1+|n1|

(

(p2 − (N1 − |n1|)2
3

)

)2

+

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)[

∑max{−N1+|n1|,N1−|n1|−(4i−4)τ}

p=max{−N1+|n1|,−N1+|n1|−(4i−4)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p+ (4i− 4)τ)2 − (N1 − |n1|)2
3

)

+
∑min{N1−|n1|,N1−|n1|+(4i−4)τ}

p=min{N1−|n1|,−N1+|n1|+(4i−4)τ}

(

p2 − (N1 − |n1|)2
3

)

×
(

(p− (4i− 4)τ)2 − (N1 − |n1|)2
3

)]

, -./0:1

Γ2(n1) =

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)[

∑max{−N1+|n1|,N1−|n1|−(4i−2)τ}

p=max{−N1+|n1|,−N1+|n1|−(4i−2)τ}

×
(

p2 − (N1 − |n1|)2
3

)(

(p+ (4i− 2)τ)2 − (N1 − |n1|)2
3

)

+
∑min{N1−|n1|,N1−|n1|+(4i−2)τ}

p=min{N1−|n1|,−N1+|n1|+(4i−2)τ}

(

p2 − (N1 − |n1|)2
3

)

×
(

(p− (4i− 2)τ)2 − (N1 − |n1|)2
3

)]

. -./0;1

<5 &"=,2(3"9 ,5+%5% >+,?2(@)2(?" &% 6{(δΩ̂)2} 3( 5%*,', "& >%+%?(!%+% A%5( BBCD%# *(@

'%?" "& CEFD%# =+"2% "&=,+%$% , >(+,"&( "&%=,+%32%/ G 3%'!%*$) @(?" ,5*('!, ,5+%5( 5%

HC6 >%+%?(!%+% âP−1 , âP /

 !" âP−1

HC6 >%+%?(!+% âP−1 ?"I(?" "&+(&,!, 3% "'3"*) *(5( aP−1 , Ω(0) = Ω|n1=0#

aP−1 =
Ω(0)

(P − 1)!2P−3τP−3∆P−3
/ -./JK1

L+( $% $"2% '( >+%*, >+, ('!,?%M,2, aP−1 >+">"+M,"3%N3% 2( 9+( M, ('!,?%M,2( Ω ) n = 07

δâP−1 = âP−1 − aP−1 =
Ω̂(0)− Ω(0)

(P − 1)!2P−3τP−3∆P−3
/

C!"9%# HC6 âP−1 2(

6{(δâP−1)2} =
6{(δΩ̂(0))2}

[(P − 1)!2P−3τP−3∆P−3]2

≈ 2025σ2(Γ1(0)− Γ2(0))

A222P−1τ 2P−6∆2P−2N10
1 ((P − 1)!)2

. -./JO1

PK



 !" âP

 !"!#$%!" aP &$ #'($ )'*+%+ +, Ω(n1) + Ω(0) -'#'./ &0$)$.$ "$0!1+2$

aP =
Ω(n1)− Ω(0)

P !2P−3τP−3∆P−2n1

3 456789

-! 2$ :"$;<! -"+ $&%+#!1+2+ '=':! -!"!#$%"! 2$)>!<!

δâP =
δΩ̂(n1)− δΩ̂(0)

P !2P−3τP−3∆P−2n1

6

?! '&>'=/ :'">2$ "$0!1+2$3 @AB âP 2$

B{(δâP )2} =
B{(δΩ̂(n1))

2}+ B{(δΩ̂(0))2} − 2B{δΩ̂(n1)δΩ̂(0)}
[P !2P−3τP−3∆P−2n1]

2 . 456779

C! *+ &$ ')"$)+0' B{(δâP )2}3 -'%"$*>' 2$ ')"$)+%+ B{δΩ̂(n1)δΩ̂(0)}. D='E$>2$#
>'%!1+2$

δΩ̂(n1) ≈ −
45 Im

{

∑N1−|n1|
p=−N1+|n1|

(

p2 − (N1−|n1|)2

3

)

η∗n1
(p)
}

8∆2(N1 − |n1|)5
, 456759

'F$<+=!>2$ B{δΩ̂(n1)δΩ̂(0)} -'&%!2$

B{δΩ̂(n1)δΩ̂(0)} ≈

≈ 2025

128∆4N5
1 (N1 − |n1|)5

N1−|n1|
∑

p=−N1+|n1|

N1
∑

q=−N1

(

p2 − (N1 − |n1|)2
3

)(

q2 − N2
1

3

)

×{B{η∗n1
(p)η0(q)} − B{η∗n1

(p)η∗0(q)}}. 4567G9

D,+#!2/.+ / '*,+" &!#' F0!>'=$ +, -"'+,=')! η∗n1
(p)η0(q) + η

∗
n1
(p)η∗0(q) <'2+ &!)"($ -"'+,=')

'*0+<! ν(·)ν∗(·) 4'&%!0+ F0!>'=+ &/ 2$)>!<+ >/0+93 -"=' 'F$<+=!>2$ +, -'&0$)>2$ 0+>+2$ "$0!1+2$
4567G9 +,>'&+

B{η∗n1
(p)η0(q)} =

=
σ2

A2

(

2P − 6

P − 3

)

[δ(−p+ q + n1) + δ(−p− q + n1) + δ(p− q + n1) + δ(p+ q + n1)]

+
σ2

A2

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)

[δ(−p+ q + n1 + (4i− 4)τ) + δ(−p+ q + n1 − (4i− 4)τ)

+δ(−p− q + n1 + (4i− 4)τ) + δ(−p− q + n1 − (4i− 4)τ) + δ(p− q + n1 + (4i− 4)τ)

+δ(p− q + n1 − (4i− 4)τ) + δ(p+ q + n1 + (4i− 4)τ) + δ(p+ q + n1 − (4i− 4)τ)],

4567H9

GI



 !" #$  %&'!

({η∗n1
(p)η∗0(q)} =

=
σ2

A2

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)

[δ(n1 − p+ q + (4i− 2)τ) + δ(n1 − p+ q − (4i− 2)τ)

+δ(n1 + p+ q + (4i− 2)τ) + δ(n1 + p+ q − (4i− 2)τ) + δ(n1 + p− q + (4i− 2)τ)

+δ(n1 + p− q − (4i− 2)τ) + δ(n1 − p− q + (4i− 2)τ) + δ(n1 − p− q − (4i− 2)τ)].

)*+,-.

/01#$20 )*+,3. 4 )*+,-. & )*+,5.  0#$

({δΩ̂(n1)δΩ̂(0)} ≈
2025σ2(Γ3(n1)− Γ4(n1))

32A2∆4N5
1 (N1 − |n1|)5

, )*+,6.

' #$ 7&

Γ3(n1) =

(

2P − 6

P − 3

)

∑N1−|n1|−n1

p=−N1+|n1|−n1

(

(p+ n1)
2 − (N1 − |n1|)2

3

)(

p2 − N2
1

3

)

+

⌈P−2
2 ⌉
∑

i=2

(

2P − 6

P − 5 + 2i

)[

∑max{−N1,N1−|n1|−n1−(4i−4)τ}

p=max{−N1,−N1+|n1|−n1−(4i−4)τ}

×
(

(p+ n1 + (4i− 4)τ)2 − (N1 − |n1|)2
3

)(

p2 − N2
1

3

)

+
∑min{N1,N1−|n1|−n1+(4i−4)τ}

k1=min{N1,−N1+|n1|−n1+(4i−4)τ}

(

(p+ n1 − (4i− 4)τ)2 − (N1 − |n1|)2
3

)(

p2 − N2
1

3

)]

,

)*+,8.

Γ4(n1) =

⌈P−3
2 ⌉
∑

i=1

(

2P − 6

P − 4 + 2i

)[

∑max{−N1,N1−|n1|−n1−(4i−2)τ}

k1=max{−N1,−N1+|n1|−n1−(4i−2)τ}

×
(

(p+ n1 + (4i− 2)τ)2 − (N1 − |n1|)2
3

)(

p2 − N2
1

3

)

+
∑min{N1,N1−|n1|−n1+(4i−2)τ}

k1=min{N1,−N1+|n1|−n1+(4i−2)τ}

(

(p+ n1 − (4i− 2)τ)2 − (N1 − |n1|)2
3

)(

p2 − N2
1

3

)]

.

)*+*9.

:!20;2!< 4= ),+,6.< )*+,,. 4 )*+,6.< 4101!

({(δâP )2} ≈
2025σ2

A2(P !)222P−1τ 2P−6∆2Pn2
1

×
[

Γ1(n1)− Γ2(n1)

(N1 − |n1|)10
+
Γ1(0)− Γ2(0)

N10
1

− 2(Γ3(n1)− Γ4(n1))

N5
1 (N1 − |n1|)5

]

. )*+*>.

5?



aP aP−1

P  !"  !"#$%&'  !"  !"#$%&'

4 41963.95
 !"N9∆8 1.9031 1651.34

 !"N7∆6 1.1795

5 10.16·105

 !"N11∆10 2.9089 36048.93
 !"N9∆8 1.6349

6 2.4763·107

 !"N13∆12 4.4622 8.5058·105

 !"N11∆10 2.4353

7 6.6078·108

 !"N15∆14 7.4800 2.1077·107

 !"N13∆12 3.7980

8 1.8948·1010

 !"N17∆16 13.4583 5.4830·108

 !"N15∆14 6.2068

9 5.2532·1011

 !"N19∆18 23.3923 1.5913·1010

 !"N17∆16 11.3026

10 1.3420·1013

 !"N21∆20 37.4426 4.7687·1011

 !"N19∆18 21.2348

 !"#$! %&'(  !" #$%&'#(&') *) +)*,-.-/0 P 1

 !"#$%&'()# *+,%-'.(*/ τ % n1

 !"#$%&"#' () *+, -)."/" '( "-0'!) 1)!)#%&)!) 1'#$%!)$) " .!%#%2/3'4 &!%25&3)

5 3'$%# /% !)652) 7 89 τ " n1 &!%0) "-)0!)&" &)3' () '6%3".)2) 3.)(!)&2) '(/&51)2$)

:;9<=> " :<9<=> "#)$5 #"2"#)?25 .!"$%(2'/&9 @)3' /% !)(" ' ('/&) 3'#1?"3'.)2"# "-!)-"#)A

'1&"#)?2' τ A 5 '-2)B" τ #$% " '1&"#)?2' n1A 5 '-2)B" n
#$%

1 A /% 2% #'45 '(!%("&" )2)?"&"63"9

+&'4) /#' !$%C).)2$5 '.'4 1!'0?%#) 1!"/&51"?" 25#%!"63"# 15&%#9 D) /.)3' P "- "2&%!.)?)

[4, 10] " -) !)-?"6"&% (5E"2% /"42)?)A '(!%F".)?" /#' τ 3'$% #"2"#"-5$% ,{(δâP−1)2}9 G2)?"-)
$% 1'3)-)?) ()A -) .%?"3' N A '(2'/ N

τ !"
$% 1!"0?"E2' 3'2/&)2&)29 @)() /% ('0"$%2" !%-5?&)&"

)1!'3/"#"!)$5 /) 1'?"2'#'#A ('0"$) /% /?%(%H" "-!)- -) τ #$%I

τ #$% ≈ ⌈(−0.006P + 0.107)N⌉ . :<9<J>

D)#$%2'# τ #$% 5 :<9<=> " /1!'.'F%2$%# /?"62% 1!'B%(5!% ('0"$) /% " n#$%1 I

n#$%1 ≈
⌈

(0.0254 + 1.4474e−0.7305P )N
⌉

. :<9<;>

@)3' ('0"$%2" !%-5?&)&" 2"/5 #'4?" 0"&" )1!'3/"#"!)2" 1'?"2'#'# #)?'4 !%()A "/3'!"/&"?"

/#' )1!'3/"#)B"$5 %3/1'2%2B"$)?2'# K523B"$'#9

G/"#1&'&/3% .!"$%(2'/&" *+,L) 1)!)#%&)!) aP " aP−1A "-!)652)&"M -) τ
#$%

" n#$%1 A ()&%

/5 5 N)0%?" <9J9 G3' !%-5?&)&% -) aP 51'!%("#' /) !%-5?&)&"#) OG8L)A 3'$" /5 1!"3)-)2" 5

N)0%?" ;9JA 1!"#$%&"H%#' () OG8 "#) -) '3' 1.4 15&) .%H" *+, 5 '(2'/5 2) O7 8LOG89

P.' $% ("!%3&2) 1'/?%("B) .%H%4 0!'$) "2&%!K%!"!)$5H"M 6?)2'.) 3'$% 1'/$%(5$% OG89

Q;



P 4 5 6 7

N = 100 9 12 17 21.5

N = 300 2.5 8 14.5 19.5

N = 500 2 7 13.5 19

N = 700 1 6.5 13 19

 !"#$! %&'(  !"# $%&'" () *'(+*'" ," !",-./.01 P . N 2

 !" #$%& '(#)*'+)*%

 !"#$%& '(! ) '!# (*(+),% -./ %01)2(1!3(& ,4!5 '!*01(*1*!5 .67{âk, σ2}& 83(5 9:6;(

*% 2!<% 4)1) !#3%=%* (*(+)1)>')2 8?1%2@ 91!5(& 0 A)+$%2 !#3%=)"(*$( 83(5(& "3B)+) 02!

%01)2(A)$? 8(3(2%1(3( ")B% 0)5*(+( 0( 3(,+)>)1)2 N ) P @ C3%A),*)$%& P 02! 2)$%*$(+) !# 4

#! 7& #!' $% N ?,)2(+! "3)$%#*!01) !# 100 #! 1100 0( '!3('!2 !# 200@ D!4)$%*% 3%,?+1(1%

0?2)3(+) 02! ? E(4%+) F@G@ H('! 0%& ,( N > 700& 83(5 9:6;( *% 2)$%*$(& 3%,?+1(1) ,(

N = 700 83%#01("+$($? (0)281!10'% "3)$%#*!01)@ I 8!3%=%*$? 0( -./;!2 J")#) E(4%+?

G@GK& -LC/;-./ )2( ,( !'! 9 #M *)<) 83(5 9:6;(@

D('+%& 0( $%#*!2 (?1!;'!3%+(A)$!2 2(*$% ) 2!#)N'(A)$!2 8!0+%#*$% (?1!;'!3%+(A)!*%

O?*'A)$%& #!4)+) 02! "%!2( ,*(>($*( 8!4!+$B(*$( ? !"!$ "%+)>)*)@ P"! $% 8!0%4*! ,*(>($*!

,( CC9;% "%+)'!5( 3%#(& $%3 $% 8!,*(1! #( ? 1)2 0)1?(A)$(2( -./ )2( "%!2( ")0!' 83(5@

 !" #$%&'()*+ ,-$./0+ 12#341534+

 ('! 0% 0( -LC/;-./;!2 43!$ #)O%3%*A)3(*$( O(,% 02(*$)! ,( Q& CD !8%3(1!3 )

#(+$% 5%*%3)B% "%+)') 43!$ '3!0;>+(*!"( '!$) !*%2!5?R("($? 1(>*? %01)2(A)$? 8(3(2%1(3(

2?+1)'!28!*%*1*!5 CC9;(@ H3!0;>+(*!") *(3!>)1! #!+(,% #! ),3(<($( ,( "%R) 3%# 8!+)*!2(

O(,%& '(#( 0% %01)2(A)$( *% 2!<% ),"3B)1) >(' ) ? !#0?01"? B?2(@

I1)A($ '3!0;>+(*!"( 0% 2!<% ?2(*$)1) 2*!<%*$%2 ")B% -LC/;-./;!"( 3(>?*(1)S ,(

3(,+)>)1% 0'?8!"% 8(3(2%1(3( 8!2$%3($( τ (l), l = 1, . . . , LT

CLC/xmk(n,Ω) =
L
∏

l=1

∣

∣

LC/

l
xmk(n,Ω)

∣

∣ , JF@FFK

LC/

l
xmk(n,Ω) =

∑

k

CD

P−3[n+ k, τ
(l)
1 , ..., τ

(l)
P−3]

×CD

P−3[n− k, τ
(l)
1 , ..., τ

(l)
P−3] exp(−jΩFl(k∆)

2), JF@FUK

UF



 !"# "# Fl = ΠP−3
i=1 τ

(l)
i /τ

(1)
i $%#&'($& )*'+,&'-"'. /&#0' '-'+$ ,", )' 1234$05 $67 87-*9,"7

)0$ -':6'+, %&$!7*(-' 1;/34123 </1;/34123=. >'$ , *$! 1234'5 7)+"#! &':+,?,(,@

)*7%$6' %'&'0#('&' %$0"#&'"'5 7 )6'*$0 1;/3412347 *&$)4?+'-$6, A# # :,)(,&'(, -'

&':+,?,(,0 %$:,9,"'0'5 !$* A# )# '7($4?+'-$6, -'+':,(, -' ,)(,0. /&#0' ($0#5 %&$,:6$!

&':+,?,(,@ 1;/341234$6' A# -' +'B'6'(, '7($4?+'-$6#5 ' )+'C,(, *&$)4?+'-$6#. D' &':+,*7

$! /1234'5 :C$ 0'-"# /E4'5 /1;/34123 ,0' C$+"# %#&8$&0'-)# *$"# )# $ +#!'"7 *'*$

7 -,F#0 %&' 7 GHI4'5 ('*$ , 7 ('?-$)(,.

/$)('6,(, xmk
1 (n) = xmk(n) , k = 1.

 !"#$ k ≤ K

J)(,0,&'(, Ak , aki 5 i = 0, . . . , P 5 -'""'?# *$0%$-#-(# %$0$A7 /1;/341234'.

3,+(&,&'(, #)(,0,&'-7 *$0%$-#-(7

xmk
1 (n) = xmk

1 (n)− Âk exp
(

j
∑P

i=0 â
k
i (n∆)

i
)

.

/$)('6,(, k = k + 1.

$%&  !"#$

 !"#$! %&%'  !" #$!%# &'()*+,)-.) +/0-1)(+*2

E6' -'"6,B' %'&'0#(&' 7 8':, )6'*# *$0%$-#-(# 0$ 7 )# #)(,0,&'(, +$9,&'-"#0 %$:,9,"'

M -'""'?,@ 0'*),070' 7 )%#*(&,0' /;/3xmk(n1,Ω) &'?7-'($ 7 !6,"# ('?*#. /'&'0#(&,

-,F# ' &#!' )# !'+"# $!&#K7"7 ,:!6'"'-"#0 *$0%$-#-(, ), -'+' %&$9#!7&$0 )+,?-$0 *'$

*$! /1234' , %&,0"#-$0 /1;/341234' -' ('*$ !$C,"#-, 0$-$*$0%$-#-(-, //G <6,!,

L'C#+7 M.M=.

 !" #$%&'(%)* +(,&*(- -( .)'+&-(/&0& 1234563( &

123783(

/&$9#!7&# $%,)'-# 7 G#*9,", N.O #)(,0,&'"7 *$#P9,"#-(# 8':# //G4' -' $)-$67 &'?7-'-"'

1Q4;/3R1Q4SE 7 !6,"# ('?*#. T#!-' ('?*' "#5 $C,?-$5 7 )&#!,-, 6&#0#-)*$ ,-(#&6'+'5

n = 05 !$* "# !&7 ' %$0"#&#-' :' ,:-$) n1. U)+"#! %$0"#&'-"' ('?*# 7 *$"$" )# &'?7-'"7

$6# 87-*9,"#5 !$+':, !$ )*&'A,6'-"' *$&,)-$ !,"#+' ), -'+' :' 2n1 $!C,&'*'5 B($ 7(,?# -'

)0'-"#-"# %#&8$&0'-), #)(,0'($&'. >'*$ )# %'&'0#(&, #)(,0,&'"7 ,: ),)(#0' "#!-'?,-'5 -'

('?-$)( #)(,0'9,"# A# !$!'(-$ 7(,9'(, *&$)4*$&#+'9,"# ,:0#K7 &':+,?,(,@ *$#P9,"#-'(' 8':#.

L$ :-'?, !' A# VGJ %'&'0#(&' C,(, 6#A, 7*$+,*$ 7 -"# $6$0 ,:&'?7-'6'-"7 7?#)(67"# 6,B#

WW



 !"!#$%!"! & '("!%)'*

+$,$)' -$ #'.$  '%/"0&%&  '-#!%"!)1$# /"&1$0)'-%& 2345! 0!%&6 7 8!($9& :*;*

<"&9&='# "!,7)!)1! &>"!>! 7 '/'1 %!($9&? >! n1 -#' (&"!9& ')7 /"&1$0)'-% ='1! #&)&#&>71$

234* <"&#1$%&#' 0! -$ 2345&  !")&6@)$ !")&6  !"!#$%!"! ='0 AB5C<D@AB5EF5!

>! /$9&=' 3G+  '070!"!17 -! C+HI5'/&#!? 0'=? >! )$ !")$@ !")$  !"!#$%"$? %' )&1$

-97,!1* B/' 1$ 0&"$=%)!  '-9$0&J! %'K! L%' 1$ '0K'/!"!17M&  !")&@)$ !")&  !"!#$%!"

0&"$=%)'  "' '"J&')!9!)  !")'#@)$ !")'# &>/'07 0'(&1$)'#  '#'M7 AB5C<D@AB5EF

"!,7)!%'# 7 n = 0* N'$OJ&1$)%  "' '"J&')!9)'-%& 7 '/'# -97,!17 )$ -!0".& 0"7K$

 !"!#$%"$ & >('K %'K! ="'-5='"$9!J&1! ='$OJ&1$)!%! )$ 7%&,$ )! 234* P! "!>9&=7 '0

 !")&6@)$ !")&6? )$ !")&@ !")& ='$OJ&1$)%& -$ '0"$Q717 &> AB5C<D@AB5EF5! "!,7)!%'K

>! n = n1 & >!/&-)& -7 '0 0"7K&6  !"!#$%!"!* <"&#1$%&#' 0!? 7='9&=' &>"!> >! "!,7)!)1$

/"&1$0)'-%&  !"!#$%"! -!0".& /&L$ 0"7K&6 R!>)&6 ='$OJ&1$)!%!? )1$K'/ 234 1$ >)!,!1)' /$M&

'0 ')'K ='1& -!0".& #!)1$ ='$OJ&1$)!%!*

3 J&91$# ',7/!)1! 0'("&6 & $9&#&)!J&1'# 9'L&6 =!"!=%$"&-%&=! AB5C<D5! & AB5EF5!?

7 ST;U 1$  "$09'.$)!  "'J$07"! >! $-%&#!J&17  !"!#$%!"! <<35!? (!>&"!)! )! ='#(&)!J&1&

'/$ 0/&1$ %$6)&=$* V#1$-%' "!,7)!)1! AB5C<D5! &9& AB5EF5! 7 0/&1$ %!,=$?  "$09'.&9&

-#' $-%&#!J&17  !"!#$%!"! )! '-)'/7 "!,7)!)1! AB5C<D5! & AB5EF5! 7 %!,=& n = 0*

4-%&#!J&')!  "'J$07"! 1$ ' &-!)! 7 )!-%!/=7W

 !"# $% X>"!,7)!%& AB5EF 7 n = 0 & $-%&#&"!%&  !"!#$%"$ a2i−1, i = 1, 2, ..., L2 )!

-9$0$M& )!,&)W

(â1, â3, ..., â2L2−1) =
1

2
argmax

ωL2

|ABEFx(0, ωL2)|2* YZ*Z[\

 !"# &% 4-%&#&"!%& a2i, i = 1, 2, ..., L1 &> ABC<Dx(0, ωL1)

(â2, â4, ..., â2L1
) =

1

2
argmax

ωL1

|ABC<Dx(0, ωL1)|2* YZ*Z;\

 !"# '% V=9')&%& $-%&#&"!)$  !"!#$%"$ &> R!>$ -&K)!9!

xd(n) = x(n) exp

(

−j
P
∑

i=1

âi(∆n)
i

)

YZ*Z]\

& $-%&#&"!%& A & a0*

V 0!91$# %$=-%7 '/7  "'J$07"7 M$#' )!>&/!%& ABC<D5EF*

<"&#1$%&#' 0! -#' '/'#  "'J$07"'# '-%/!"&9& %$.)17 0! 07.&)! -&K)!9!  "&1$ &

 '-9&1$ !7%'5='"$9!J&1! '-%!)$ &-%!* B/' )!# 0!1$ )!1('91& 7,&)!= ='1& #'.$#'  '-%&M& 7

^[



 !"#$%#&'()* *"#+')' ,*-'. /0*1!2 %'%! )3 $&'%#  '0'-3"'0 * 4'5# $#1('6'  0! !0+#!('6'(

$'-! )37(!- #5&!7* 4'532 36#-#(#$'( )3 # *"#+') %0!$8%!036'+#)' %!39+#)3('"' (' "':(!$"

3$"#-'+#)3.

 !"!# $%&'()&*+ ,-./012314

;0#-)3"#-! 7' )32 5'  '0(! P 2 %!- 63%$(!$" <=>;?8@/8' #$"!1 037' %'! #

%!- 63%$(!$" <=8>;?A<=8@/8'2 )30 !B)3 "0'($4!0-'+#)3 5'C"#)3&')*  03"0'1*  !

 0!$"!0* #$"#C 7#-3(5#)'. D' (3 '0(! P 2 <=>;?8@/ )3 (3,"! $6!E3(#)'  0!+37*0' *

!7(!$* (' <=8>;?2 )30 )3 7#-3(5#)' <=8@/8' &3F' 5' )37'(. G3H*"#-2  03"0'1'

5'  '0'-3"0!- a1 $3 -!E3 !B'&#"#  !-!F* '61!0#"-' 5' 0':*('()3 B05!1 ?I8'2 ,"!

#5)37(':'&' %!- 63%$(!$" !&3 7&#)3 "3C(#%3. I'%!H32 %!- 63%$(!$" <=>;?8@/8' $3

-!E3 $-'()#"# * !"03B!- $"!C'$"#:%#C '61!0#"'-'  03"0'13 ! %!)#-' F3 B#"# 0#)3:# *

('037(!-  !16'&6)*.

 !"!5 6$7 ,-./012314

J"'"#$"#:%' '('6#5' $ 0!&373(' * KLMN # KLON2  !%'5'6' )3 7' <=8>;? # <=8@/

 0!7*%*)* B35B#'$(3 # '$#- "!"$%# 39%'$(3 #5&!73 4'53 $#1('6' x(n). P'%! )3 *

<=>;?8@/8* $&'%# 4'5(#  '0'-3"'0  0! !0+#!('6'( $'-! )37(!- #5&!7* 4'532 B#'$ #

GJQ <=>;?8@/8' $3 -!1* !7037#"# #5 035*6"'"' !&3 '('6#53.

R5 KLMN # KLON2 &3!-' 6'%! $3 -!E3  !%'5'"# 7' $*  '0'-3"0# 3$"#-#0'(#  !-!F*

<=>;?8@/8' '$#- "!"$%# B35B#'$(#2 Q{δâl} = 02 l = 1, 2, ..., P, $' GJQ8!- 7'"#-

#50'5!-S

Q{(δâl)2} =
(

1 + 1
2 !"

)

4(N/2)2l+1∆2l · JTU
[

 

−1
]

ll
, l = 1, 2, ..., P, VM.MWX

17)3 )3  -'"0#+' 7#-3(5#)' L× L :#)# )3 (g, k) 363-3("

[ ]gk =







4gk
(2g+1)(2g+1)(2g+2k+1)

, l  '0(!2

1
(2g+2k−1)

, l (3 '0(!.
VM.OYX

Z I'B36# M.O2 7'"# $* GJQ8# 7&' (')&#,' %!39+#)3("' 5' P = 4, 5 # 6.

R5 I'B363 M.O &#7#-! 7'2 5' &36#%# JTU2 <=>;?8@/ 7!$"#E3 >U[\ 5' $&3  '0'-3"03

4'532 :#-3 $-! 5(':')(! ('7-',#6# <=8>;? # <=8@/2 %!)# 5' (3 '0(3 #  '0(3  '0'-3"032

03$ 3%"#&(!2 #-')* 5(':')(3 &0#)37(!$"# GJQ8'. ;0#-)30' 0'7#2 5' P = 62 GJQ %!39+#)3("'

â52 3$"#-#0'(!1  !-!F* <=8>;?8'2 )3 5' 17 7\ &3F# (31! >U[\ V&#7# I'B363 ].^ # _.LX.

O^



P aP aP−1

4
22050(1+ 1

2 !")
 !"N9∆8

1400(1+ 1
2 !")

 !"N7∆6

5
349272(1+ 1

2 !")
 !"N11∆10

22050(1+ 1
2 !")

 !"N9∆8

6
5549544(1+ 1

2 !")
 !"N13∆12

349272(1+ 1
2 !")

 !"N11∆10

 !"#$! %&'(  !"#$ %&' (')&$*' +','-./,' 00!#' .1/$-$,'(23 +2-245 67809#:;#'<

 !"#$% &'#()$% *+,-! â5 .' "/$% 0$%! 10$ $2 "!&(3( $4 '30(5!6(.' φ
(6)(0)7 φ(4)(n1)7 φ

(4)(0)7

0.8

a5 =
φ(4)(n1)− φ(6)(0)

2
n2
1 − φ(4)(0)

120n1

, 9:8;<=

>(.' )?$3-)$?'#!6(.'7 , {φ(4)(n1)φ
(4)(0)}7 , {φ(6)(n1)φ

(4)(0)} ( , {φ(6)(n1)φ
(4)(n1)}7 "2!>!.2$

@&'A!&!.@ *+,8

 '"@#0!0' 30!0(30(>)' !2!#("' B?$&.'?(A'5$ @ 3')6(.( 3! 2@5'?(>)(5 B?(5.'?(5!8

 ! "#$%&'()*%( (+,-&),%.# /012,

C DEFG .' (3)$?(1A'2$ 2'@2(H$?52$ $4!/(?!2.' 3(%2!#! )!)$ /( 3' 35!2.(#! 2'#(2'!?2$30

'30(5!0$?3)(I H@2)6(.!8 J!)$ 2B?8 $&$ $4!/(?!2.' .' $5$%@A(#$ !2!#("@ KK+-! B'0$%! ?'4!

3! '30(5!0$?(5! >(.! .' 2'#(2'!?2$30 3&'%! >'0&?0$%! ?'4!8 C $&$. 3')6(.( A'5$ (4'.@ $

2'@2(H$?52$5 $4!/(?!2.@ (3)$?(30(0( 3! 6(#.'5 (5B#'5'20!6(.' LJ-! @ ?!>@2!2.' MKL-!8

K$35!0?!.5$ 5$2$)$5B$2'202( KK+ 0?'A'%! ?'4!8  !>@2!2.' MKL-! $&$%! 3(%2!#!

3' 5$N' ?!"4&$.(0( 2! 4&! )$?!)!O

 !"# $%  !>@2!2.' !@0$-)$?'#!6(.' x(n+m)x(n−m)O

x(n+m)x(n−m) = A2 exp(j(6a3nm
2∆3 + 2a2(m∆)

2

+2a3(n∆)
3 + 2a2(n∆)

2 + 2a1n∆+ 2a0)) + νx(n)P 9:8;E=

 !"# &% K?(5.'2! )&!4?!02$% Q#0?!

∑

m[·] exp (−jΩm2)O

MKL(n,Ω) =

N/2−|n|
∑

m=−N/2+|n|

x(n+m)x(n−m) exp
(

−jΩm2
)

8

R! /( @ ?!>@2!2.@ MKL-! (5B#'5'20(?!#( /?"( LJ7 2'$BI$42$ .'7 @5.'30$ )&!4?!02$%

Q#0?!7 )$?(30(0( Q#0!? $/#()!

∑

m[·] exp (−jωm)8 C&$S'2.'5 35.'2' m =
√
Ck @ 9:8;E=

;F



 !"#$%&!

x1(k) = x(n+
√
Ck)x(n−

√
Ck)

= A2 exp(j(6a3n∆
3Ck + 2a2∆

2Ck + 2a3(n∆)
3

+2a2(n∆)
2 + 2a1n∆+ 2a0)) + νx(n).  !"#$%

&'()'  !"#$% *+*,-.)/) ')012 3456) 0(78* 596):

345(n,Ω) =

N/2−|n|
∑

k=−N/2+|n|

x1(k) exp
(

−jΩC∆2k
)

= 59{x1(k)}"  !"#!%

;)<-=)=>7 3456) 0(78* 596) >7 *? /7@187 /)A=*2B1 1' ?/) ()'@*,)" 4(/1 ()'@*, >7
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<'#/(- &#"#$"#5 &#3'(*%"/% %65#'+*-% @rA> <'#/(- 5("('%.+/%> +*)8 ?*#5% :(-# , "%!*%$3,

%"%6+2, !6#9("#!*+ #<%$+*+ 2% "%/3#-&6(3!"+/+ !6,7%/> !% -%3!+-%6"+- <'#/(- &#3'(*%"/%

%65#'+*-%8

B'#/ *%7%3% , 3#/+-% !( CD> E FGHI + E FJK '%7,"%/, , "%4(- !6,7%/, /( +2-(L,

150 × 300 + 150 × 300 × r] @,!$#/-# r = 20A> )#3 &'#.(),'% !% )+'(3*"#- &'(*'%5#-

#$( M,"3.+/( '%7,"% , MP
@CDA + MP/2

@E FGHI + E FJKA *%7%3%8 13# &'(*&#!*%$+-#

)% /( M = 100> -#9(-# +2$(!*+ 2%36/,7%3 )% /( )+'(3*"% &'(*'%5% +!&6%*+$+/( '/(4("/( ,

!6,7%/, NK + OK &'(*'%5%8 ;% PK &'(*'%5(> 01 , "%/"(&#$#6/"+/(- !6,7%/, +-% !6+7",

3#-&6(3!"#!* 3%# + )+'(3*"% &'(*'%5%8 C(L,*+-> &#3%2,/( !( )% 01> 2% PK &'#!*#'(>

3#"$('5+'% 2% r < 20> 4*# 5% !*%$6/% +!&'() )+'(3*"( &'(*'%5(8 ;% &'#!*#'( $+4(5% '()% @QK

+ $(:(A> 01 /( )%6(3# &'+=$%*6/+$+/+8 R+"/("+.% 3#/% +)( , &'+6#5 01 /( + *# )% /( M 7(!*#

-"#5# $(:( #) 1008

K%36(> )% 2%36/,7+-#> )+'(3*"% &'(*'%5% /( <#6/( '/(4("/( /()+"# , !6,7%/($+-% NK + OK

&'(*'%5%8

 !1 2&3-45%)5 64537-4

;<#5 !*#=%!*+73+= 3%'%3*('+!*+3% 01> "+!-# , !*%"/, #)'()+*+ "/(5#$( &('M#'-%"!(

%"%6+*+73+- &,*(-8 ?*#5%> , #$#/ !(3.+/+> *( &('M#'-%"!( :( <+*+ #)'(L("( &#-#:,

!+-,6%.+/%8 H#'() +!&+*+$%"/% *%7"#!*+ &'+!*,&% !% 01> .+6/ "%- /( + )%> 2% &#/()+"%7",

M,"3.+/, @CD> E FGHI +6+ E FJKA> &'#"%L(-# "%/$+4+ '() &#6+"#-% 2% 3#/+ 01 )%/(

2%)#$#6/%$%/,:( '(2,6*%*(8

S *, !$'=,> &#!-%*'%6+ !-# )(!(* HH?F#$%T

xk(n) = exp

(

j
k+2
∑

i=1

G(i)(n∆)i

)

+ ν(n), k = 1, . . . , 10, @U8QA

5)/( /( N = 256> ∆ = 7.8 · 10−4 + G(i) /( iF*+ (6(-("* $(3*#'% G = [6> 12.5> 6.5> 4>

VP
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 !"#$ %&'(  !"#$ %&'&()*&'& ++!#& ),*$($'&-$. %/(/01  23 456 $ +456 ),*$(&7$/-$.

%'/7)81'&9 %':& :',*& # P = 3, ;&<  !" â33 ;=<  !" â2 $ ;7<  !" â1> 8'1?&

:',*& # P = 43 ;8<  !" â43 ;)<  !" â3 $ ;@<  !" â2> *')0& :',*& # P = 53 ;?<  !"

â53 ;.<  !" â4 $ ;$<  !" â3A

3 12 1.5 5.5 9 7.5 2 10.5]. !"#$%&'() *&" +$ ,(- .& (/#('&"- #-*&0&*+$ 12 3&.& /$

#%("+$*( *& 45 65 75 ( 85 #%-/'-%$ #%$'%&9&: ;'-9& /& <=>-" /"- $/'("(%&?( #&%&"$'%$

/(9*&?& x1(n) x2(n) x3(n) ( x4(n) /& @A>B5>-" /(9*&?$ x3(n) x5(n) x7(n) ( x9(n) (

/& @A>CDE>-" x4(n) x6(n) x8(n) ( x10(n): <;F>( 3&%&3'$%(/'(G*(H #&%&"$'&%& I&J$

#-/"&'%&*(H /(9*&?& #%(3&J&*( /K *& ;?(3&"& 7:4 7:6 ( 7:7 L/& /?(3$ /K (J-/'&)?+$*( 9%&MN(

-*(H /(9*&?& J& 3-+$ 12 *(+$ K /'&*+K (J)%0('( $/'("&N(+KO: P&3-Q$ K N(?+K )$%(M3&N(+$

'&G*-/'( $/'("(%&*(H #&%&"$'&%& #%(3&J&?( /"- <;F>$ #&%&"$'&%& .-,(+$*(H #-"-RK

@2E>& ( D@2E>& 3&- ( -.9-)&%&+KR$ CS=T>-)$: <;F>( /K -.%$Q$*( #-"-RK 200 ('$%&N(+&

<-*'$ C&%?- /("K?&N(+& ( ;US +$ #-/"&'%&* K (*'$%)&?K -. −15 .T .- 35 .T /& 3-%&N("&

-. 2 .T: V& %&GK*&*+$ D@2E>& 3-%(/'(?( /"- #$' /3K#-)& #&%&"$'&%& #-"+$%&+&:

W6
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%'/9):1'&; %'<& <',*& # P = 5, =&>  !" â56 =?>  !" â3 $ =9>  !" â1@ :'1A& <',*&

# P = 76 =:>  !" â76 =)>  !" â5 $ =B>  !" â3@ *')0& <',*& # P = 96 =A>  !" â96

=.>  !" â7 $ =$>  !" â5C

 !"#$%&%' ()*'+!,' -./)0 "& P = 3, 4 ' 5 12'3&"&,' 4# # 125)+6 (2#7)+ ' %2!8)+ 524%'

9$'3! :;<6 2!41!3%'5,); =2&7 9> /& -./& +! ,!"&5'4&, )( 2!(& 4'7,&$& ' '",)4' −5 (?6
()3 -9@ ()4%'A! %!)2'+43! $'0'%!; B&3$!6 CD ,! #,)4' 1)2!0!8&+ # %&E,)4%; 9 (2#7!

4%2&,!6 FDG ' =FDG '0&+# ",&E&+,) 5!8! 12&7)5! H5'I! )( 7 (?J ' ,+'K)5 -9@ 2&4%!

4& 1)5!8&5&,+!0 2!(& 4'7,&$&; P = 5 +! *') ' ,&+5!8' 2!( 4'7,&$& "& 3)+' CD 0)A! (&

(& "&()5)$+&5&+#8! 2!"#$%&%!; L& P > 5 *2)+ $)3&$,'K 0','0#0& # MG/# +! %)$'3' (& ,'

0!K&,'"&0 "& (!%!3N'+# ('5!27!,N'+! ,'+! #41') (& 4! '"*)2' 4& '4%'0;

-9@/' 1&2&0!%&2& !4%'0'2&,'K 1)0)8# FM/OB/& 4& CD 12'3&"&,' 4# ,& 9$'N' :;P;

=2&7 9> /& FM/OB/& +! ,& )3) 0 (?6 I%) +! "& 9 (?6 20 (? ' 31 (? 0&,+! # )(,)4# ,&

12&7 =FDG/& "& P = 56 P = 7 ' P = 96 2!41!3%'5,); Q 3)( FM/OB/&6 CD +! # 4%&,+# (&

()4%'7,! R .?/!; L& P > 106 )5& %!K,'3& ,'+! # 4%&,+# !4%'0'2&%' 1&2&0!%2! ==9/&;

S:



 !"#$%& P = 4 P = 6 P = 8 P = 10

'( 4.64× 1011 8.51× 1015 1.34× 1020 1.93× 1024

)*+,- 4.12× 107 7.22× 109 1.13× 1012 1.65× 1014

)*+./0 5.16× 107 8.77× 109 1.34× 1012 1.9× 1014

'(+12 [2.12, 3.19]× 108 × × ×
)*+,-+12 × [4.5, 6.5]× 108 [5.4, 8.8]× 108 [1.1, 1.3]× 109

)*+./0+12 × [4.7, 7]× 108 [1.2, 1.3]× 109 [5.2, 5.3]× 109

 !"#$! %&'(  !"#$%&'( )!"$ !'&*(#+,- ".%!'/,$' 01 2' 345"67 895:;5"6 , 895< =5"6>

3 #& %4&567 89$%& :;: $96<=465! '8>+! )*+./0+&; 8?$ @&4&A!=4$ !<=$A$4&#$ B?BA

A!=BCBA <6 &<$A@=B=<%$ !D%&<#$ <& 8EF @4&GBA #& B%B H CI; 3 B?&5 &9GB4$=&A #&CA&J65!

)20 $ /)20; /4$A5!4& 4&C$7 @4&G 8EF+& )*+./0+& <& 12 5! #$K$ BC @4&G& /)20+& L&

?$J! BC 15 CI; 12 5! M$B 6 <=&#56 $L?4J$=$ !<=$A&N$56 //8+& CB P = 10 4!C&;

F&C$ C!AB#<=4&N$5! !D%&<#B<=$ 127 6  &M!9$ :;O 6@B4!C$9$ <AB @4B<5!P&# M4B5 4&P6#<%$"

B@!4&N$5& 12 <& @B=4!M#$A M4B5!A B@!4&N$5& 6%B9$%B M$ <! %B4$<=$9& C$4!%=#& @4!=4&G&; I4B5

B@!4&N$5& 12 5! 4&P6#&= L& B@<!G 8EF+& BC 0 CI CB 30 CI $ <?&%$ @BC&=&% 6 =&M!9$ 5!

@4!C<=&?95!# <& C?$5! ?4$5!C#B<=$Q A$#$A&9#$A $ A&%<$A&9#$A M4B5!A B@!4&N$5& =B%BA

=4&5&#5& $=!4&N$5&; 3L =&M!9! <! ABK! @4$A5!=$=$ C& L& R- @4B<=B4! @4!=4&G! 12 $A& A&#56

%BA@9!%<#B<= #!GB BCGB?&4&56S! =!"#$%! M&L$4&#! #& C$4!%=#B5 @4!=4&L$7 CB% L& @4!=4&G!

?$J$" C$A!#L$5&7 12 5! #!<6A#5$?B MB95! 45!J!#5!;

-&%9!7 6 B?BA @4$A5!46 <AB ?$C5!9$ C& <AB <& 12 6 <=&#56 6#&@4$5!C$=$ @!4TB4A&#<!

'(+&7 )*+./0+& $ )*+,-+&; E&$A!7 @4&%=$P#& &@9$%&N$5& '(+& 5! <&C& ABG6S& CB

//8+& @!=BG& 4!C&7 CB% <! )*+,- $ )*+./0 ABG6 %B4$<=$=$ L& //8+! CB P = 10; /4$

=BA!7 5!C#& BC ?&K#$" %&4&%=!4$<=$%& 12 5! C& #! 6=$P! #& =&P#B<= @4BN!C64& 6 B@=$A$L&N$56

P$5$" @4!=4&G& 5! 6%956P!#7 =5; <?$ &9GB4$=A$ #& %B5! 5! @4$A5!#5!# <6 $ C&95! &<$A@=B=<%$

!D%&<#$; 3A@9!A!#=&N$5BA 12 6 @B<A&=4&#! @4BN!C64!7 BABG6S$9$ <AB @4$A5!#6 $<=$" 6

M$9B %B5B5 @4&%=$P#B5 &@9$%&N$5$7 5!4 =4!#6=#! &@9$%&N$5! 4&LA&=4&56 //8+! CB C!<!=BG 4!C&

UORV7 UOWV;

XY
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%'/8)91'&: %';& ;',*& # P = 6, <&=  !" â66 <>=  !" â4 $ <8=  !" â2? 9'1@& ;',*&

# P = 86 <9=  !" â86 <)=  !" â6 $ <A=  !" â4? *')0& ;',*& # P = 106 <@=  !" â106

<.=  !" â8 $ <$=  !" â6B

  



 !"#$%#&' (

)'*+,-' .$ '/0,1$2,&3 4$5$1'0$5$ 67

  89$

 ! ""# $%&'( )*+,-(- *$- .*/%01 2/*$3',1 1 #4,56'5*7 82'/51/' 9-&-/ :#89; *

<,='/)' #89 :<#89; /-&-/)0*$ )*)5'$*$-> 0-% * 1 )%,-/*$- ? @AB C- 2/*$3'/> /-&-/)0-

)(*0- 2/'&)5-=(3-  ! DE  ! ""#F-B #5%+-> %& =-G,%)5* 3' *H1I-=-,3' 5'6,*0- H- ')5*$-7*31

2-/-$'5-/- %=*6 )*+,-(-B J %=%$ 2%+(-=(31 &-K'$% 2/'+('&> H- ,-)> ,-3H,-I-3,*3*6 5'6,*0-

H- ')5*$-7*31 2-/-$'5-/-  ! ""#F-B "%/'& 5%+-> *H=/.*K'$% +','/-(*H-7*31 LM"DFL8DF-

%2*)-,%+ 1 #'07*3* NB@ ,-  ! ""#B

 !" #$%&'()*#$+,-.%&-,$*(/ 0,1(-

D/-,7%)FD/*'&(-,&'/F%= $'5%& :DDO; 2/'&)5-=(3- +','/-(*H-7*31 L8DF- ,-  ! ""#F'

?PQAF?PRAB C-*$'> DDO 0%/*)5*  ! "! %2'/-5%/ &- 5/-,)S%/$*.'  ! ""# 1 )*+,-(> I*3* )'

2-/-$'5/* $%+1 ')5*$*/-5* $-0)*$*H-7*3%$ @! *(*  ! 2'/*%&%+/-$-B J H-=*),%)5* %& %T(*0-

S-H'  ! ""#F- :2/-=%1+-%,* :/'(-7*3- : B U;; *(* 5/%1+-%,* :/'(-7*3- : B Q;;> /-H(*013'$%

&=*3' =-/*3-,5' DDOF-B V%&  ! ""#F- )- S-H%$ 2/-=%1+-%,%+ %T(*0-> DDO )-  ! "!

%2'/-5%/%$ 5/-,)S%/$*.' )*+,-( 1 @! ""#> 2- )' ')5*$-7*3- 2-/-$'5-/- %=%+- )*+,-(-

)=%&* ,- ')5*$-7*31 @! ""#F- 2%$%K1 L8DF-B # &/1+' )5/-,'> ')5*$-7*3- 2-/-$'5-/-  !

""#F- )- S-H%$ 5/%1+-%,%+ %T(*0- %T-=(3- )' 5/-,)S%/$-7*3%$  ! ""#F- 1  ! 0%$2('0),1

)*,1)%*&1 I*3' )1 S/'0=',7*3' 2/%2%/7*%,-(,' 2-/-$'5/*$- ,-3=*.'+ )(%3- S-H'B #5%+->

')5*$-7*3%$ S/'0=',7*3' )*,1)%*&'> %&/'W131 )' =/*3'&,%)5* 0%'X7*3',-5- 2%(*,%$- S-H'B

J ,-)5-=01> %T3-),*K'$% -(+%/*5-$ H- ')5*$-7*31 2-/-$'5-/- )*+,-(- : B Q;B

 ! "! %2'/-5%/> 1 %H,-7* "!

Q1,Q2

x(n,m)[n,m; τn, τm]> $%G' )' 2%)$-5/-5* 0-% 2/%7') *H &=-

YR



 !"# #$ % &"'!(  !"# )* +,-.#/ x(n,m) +0 12 32 !&0"#4!"!( 5,60"0.7,"# &! n !+, Q1

&)4* 5# 8, +0 &!4!(* ) 5")-!(  !"# )* 5!8,90., +,-.#/ ,+4,( !&0"#4!"!( 5,60"0.7,"#! &!

m !+, Q2 &)4#$ :'! +0 (!;0 <#&,+#4, , (#40(#4,= ,( "0/#7,9#(# .# +/050>, .#=,.?

32

Q1,0
x(n,m)[n,m; τn, 0] =  !

Q1

x(n,m)[n; τn],

 !

Q1,Q2

x(n,m)[n,m; τn, τm] =  !

Q2

 !

Q1,0

x(n,m)
[n,m;τn,0]

[m; τm]. "#$%&

' ()*+,-.- "#$%&/ 012.- -20)34 %!  ! 15)(+61(+ - 3+(+36)(- 7 78*+46-9 :+8(+0+9+ "n -*- m&

81;1() 1 4-82+*7 - ;()9)2431. 14- 2+ 31.7 4)  ! 5(-9.)2.7.)/ ()45)36-;21$  (-9.)6-91

0+ 491 1;0.) 510(+:79.);+*- 0+ 47 7 4;+319 31(+37 %!  !<+/ 51 .)021. 14- "n -*- m&/

5+(+9)6(- 519.)(+.+ .)02+3-$ =)0+2 31(+3 7  ! 15)(+61(7 51 1081;+(+.7>1. 14- 49+2.7.)

()0 51*-219+ ?+:) 51 -461. 14- :+ .)0+2$  !

q,P−1−q
x(n,m) [n,m; τn, τm] >) 6(+24?1(9-4+6- 4-82+*

x(n,m) 7 3195*)3427 4-2741-07 4+ ?()3;)2,-.+9+ (fn, fm) 31.) -:214)@

fn = 2P−1(q + 1)!(P − 1− q)!τ qnτ
P−1−q
m ∆P−1aq+1,P−1−q,

fm = 2P−1q!(P − q)!τ qnτ
P−1−q
m ∆P−1aq,P−q/ "#$A&

5+ 4) aq+1,P−1−q - aq,P−q 9187 )46-9-(+6- -: A! BC<+ 2+ 4*)0)>- 2+D-2@

(f̂n, f̂m) = arg max
(fn,fm)

|BC{ !q,P−1−q
x(n,m) [n,m; τn, τm]}|,

âq+1,P−1−q =
f̂n

2P−1(q + 1)!(P − 1− q)!τ qnτ
P−1−q
m ∆P−1

,

âq,P−q =
f̂m

2P−1q!(P − q)!τ qnτ
P−1−q
m ∆P−1

$ "#$E&

!+ F- 4) )46-9-(+*- 4;- 5+(+9)6(- P <618 4*1.+/ q 91(+ 7:)6- 4;) ;(-.)02146- 7 -26)(;+*7

[0, P − 1]$ C+31/ 2+ 5(-9.)(/ :+ A!   G 6()>)8+ ()0+/ 516()F21 .) -:(+D72+6-

 !

0,2
x(n,m)[n,m; τn, τm]/  !

1,1
x(n,m)[n,m; τn, τm] -  !

2,0
x(n,m)[n,m; τn, τm] - -: BC<+ 1;-H 4-82+*+

10()0-6- 51:-,-.) 9+34-979+$  +(+9)6(- 2-I-H 4*1.);+ 4) 9187 )46-9-(+6- 4*-D219

5(1,)07(19 5(-9.)2.)219 2+0 0),H-(51;+2-9 4-82+*19$ J195*)6+2 BBK +*81(-6+9 .)

5(-3+:+2 7 C+F)*- #$%$

 146+;-6- p = P / xp(n,m) = x(n,m), n ∈ [−N/2, N/2],m ∈ [−M/2,M/2].

 !"#$ p ≥ 2

%&' q = 0 (& p− 1

L46-9-(+6- aq+1,p−1−q - aq,p−q

(f̂n, f̂m) = argmax(fn,fm) |BC{ !q,p−1−q
xp(n,m) [n,m; τn, τm]}|/

MN



âq+1,p−1−q =
f̂n

2p−1(q+1)!(p−1−q)!τqnτ
p−1−q
m ∆p−1

 

âq,p−q =
f̂m

2p−1q!(p−q)!τqnτ
p−1−q
m ∆p−1

!

 !" #$%

"#$%&'()*+,& #-,&.&'+/# (+'+.#,'#

xp−1(n,m) = xp(n,m) exp






−j
∑

k

∑

l
k+l=p

âk,l(n∆)
k(m∆)l






!

0)-,+*&,& p = p− 1!

 !" &'() 

1-,&.&'+,& a1,0 & a0,1

(f̂n, f̂m) = argmax(fn,fm) |23{x1(n,m)}| 
â1,0 =

f̂n
2

 

â0,1 =
f̂m
2

!

456)/&,& #-,&.&'+/# (+'+.#,'# &7 8+7# -&9/+6+ x1(n,m)

x0(n,m) = x1(n,m) exp






−j∑

k

∑

l
k+l=1

âk,l(n∆)
k(m∆)l






!

1-,&.&'+,& a0,0 5+)

â0,0 =
1

NM

N/2
∑

n=−N/2

M/2
∑

m=−M/2

∠x0(n,m)!

 !"#$! %&'(  !! "#$%&'(%)*% '+,)-%$'&.

0#'8)'.+/-# 22:;+ -< 7/+=+>/) <-6)*6>#/# &7?)'). (+'+.#,+'+ τn & τm! @#A#

*'&>#B/)-,& (+'+.#,+'+ ().>#'+>+ -.+/><>< B<C&/< '#7<6,+/,/)9 -&9/+6+ B)5 .+/>#

*'&>#B/)-,& <,&=< /+ ()*#A+/># 5')-;5)'#6+$&># &7.#D< -<->#B/&% )B?&'+5+! 4 EFGH 

+/+6&7&'+/ ># <,&$+> )*&% (+'+.#,+'+ /+ ,+=/)-, #-,&.+$&># 9B># ># ()5+7+/) B+ ># :I1

('&?6&C/) '+*/+ 8</5$&>+ < )5)6&/& ,+=5# 96)?+6/)9 .&/&.<.+! @'&>#B/)-,& τn & τm 5)>#

.&/&.&7<>< :I1 7+ '+76&=&,) P .)9< -# )B'#B&,& ().)A< '#6+$&>+J

τ  !"n =
N

2(q + 1)
 

τ  !"m =
M

2(P − q)
! KL!MN

0'&.>#,&.) B+ #-,&.+$&>+ (+'+.#,+'+ 22:;). 7+%,&>#*+ -(')*)D#/># ('#,'+9# ()

O" (')-,)'<! "&.#/7&>+ ('#,'+9# -# .)C# -.+/>&,& B)B+,/). +<,);5)'#6+$&>). 5)>+ ?&

,'+/-8)'.&-+6+ O" 5).(6#5-/< -&/<-)&B< < P" 5).(6#5-/< -&/<-)&B< +6& )*+ )(#'+$&>+

GQ



 !"# $%&#'" () "#* +%'(,! +% $%-#.(-( "( /*%"( 0*%12 ! ! 3#*4#*# 3 !5 6'( %-(7

889 "#) %+ :;82()  (1'!"#+!% 1'!6 # <( #= -!1%0 $*(> ?@A2( ! $*%$(>(B!"C >*#D0#7

E3!B(" %-!5 #4#0(3( *(13# 1( $%*(13%< *#+( 1!> ('(7 ?3%>() +( /! 1# $%/%'"D('# 0(*(03#*!13!0#

%-%>( #13!<(3%*() $%3*#/ % "# 1<( "!3! /*%" FG2(7

 !" "# $%&

F%-#+# ! %+'!6 !< $#*4%*<( 1(<( HF82( 0%+ IG FF?2() C JKLM ! JNOM $*#+'%&# ( "#

PG -#*,!"( HF82( QPG HF8R ,( #13!<(B!"C $(*(<#3(*( PG FF?2( 3*#.#>( *#+(=

HF8PG(n,m;Ω(n,m)) =

Nmin(n)
∑

τn=−Nmin(n)

Mmin(m)
∑

τm=−Mmin(m)

x(n+ τn,m+ τm)x(n− τn,m− τm)

× exp(−j∆2
(

Ωnτ
2
n + Ωmτ

2
m + 2Ωnmτ

2
nm

)

), QS7TR

>+"# 1C=

Ω(n,m)= [Ωn(n,m),Ωm(n,m),Ωnm(n,m)] ,

Nmin(p) = min{N/2− p− 1, N/2 + p},

Mmin(p) = min{M/2− p− 1,M/2 + p}. QS7SR

E %+1C13-C DC<() <(01!<C< PG HF82( "# $%,!B!% !*( C 3(60! 6!"# 0%%*+! (3# %+>%-(*("C

+*C>!< $(*B!"(' !< !,-%+!<( 4(,# φ(n,m)=

Ωn(n,m) =
∂2φ(n,m)

∂n2
= 2a2,0 + 2a2,1∆m+ 6a3,0∆n,

Ωm(n,m) =
∂2φ(n,m)

∂m2
= 2a0,2 + 2a1,2∆n+ 6a0,3∆m,

Ωnm(n,m) =
∂2φ(n,m)

∂n∂m
= 2a2,1∆n+ 2a1,2∆m+ a1,1. QS7UR

?-(0! $(*B!"(' ! !,-%+ 1(+*&! $% 3*! $(*(<#3*( 4(,# 1!> ('( s(n,m) !, +*C>%> ! 3*#.#> 1'%"(7

?3%>() +( /! 1# #13!<!*('! 0%#VB!"# 3! 4(,#)  #%$5%+ % "# !,*(6C (3! PG HF8 C 3*! 3(60#

!)  ( %1 %-C #13!<(B!"( !,-%+() *!"#D!3! 3*! 1!13#<( "#+ (6! ( 1( $% 3*!  #$%, (3#7 W-(

$*%B#+C*( 1# <%&# %$!1(3! $%<%.C 3*! 0%*(0(=

 !"# $% X,(/*(3! 3*! 3(60# 1( -*#<# 10!5 %1() (ni,mi)) i = 1, 2, 3Y

 !"# &% Z13!<!*(3! %+>%-(*("C.# Ω(ni,mi)) i = 1, 2, 3 $*#3*(>%< ,( <(01!<C<%< C

QS7TRY

[I



 !"# $%  !"#$#%&"# '&%&$("%( {a3,0) a2,1) a1,2) a0,3) a2,0) a1,1) a0,2} '*$*+, !-(.(+#/

%(-&0#1&2











â2,0

â3,0

â
′

2,1











=











2 6∆n1 2∆m1

2 6∆n2 2∆m2

2 6∆n3 2∆m3











−1 









Ω̂n(n1,m1)

Ω̂n(n2,m2)

Ω̂n(n3,m3)











,











â0,2

â0,3

â
′

1,2











=











2 6∆m1 2∆n1

2 6∆m2 2∆n2

2 6∆m3 2∆n3











−1 









Ω̂m(n1,m1)

Ω̂m(n2,m2)

Ω̂m(n3,m3)











,











â1,1

â”2,1

â”1,2











=











1 2∆n1 2∆m1

1 2∆n2 2∆m2

1 2∆n3 2∆m3











−1 









Ω̂nm(n1,m1)

Ω̂nm(n2,m2)

Ω̂nm(n3,m3)











,

â1,2 =
â
′

1,2 + â”1,2
2

,

â2,1 =
â
′

2,1 + â”2,1
2

. 34567

8&* # 9*. ::;<&) '&%&$("%# =#>#/ !-*1(?& $*@, !( (!"#$#%&"# .(0/#%'*?&=1($5

A%#$1("#$* .&) B& %&B-#9, *. ::;<&) CD EA:) '*%(. =#>( =(-#=(&%=*!"#) #$& # !$&=1(=

,"#0&1 '%*'&@&0#1( @%(F9(5 G&#$() !?# '&%&$("%# .%,@*@ # "%(+(@ !-*1& !, *!-*H*I(=# *?*@

J(=*$(=&5

G&1?(+# '%*H-($ CD EA:<& 1( '*"%(H& B& '%("%&@*$ '* KD '%*!"*%, '&%&$("&%&)

[Ωn(n,m),Ωm(n,m),Ωnm(n,m)]) F"* 1( %&L,=!9# ?(*$& B&/"1(?=*5 ;(I,"#$) , MKNO

,'*"%(H*$ PQ B=&L&1=* 1( ,$&=1(=& 9*$'-(9!=*!" *?( (!"#$&0#*=( '%*0(.,%() L#$( 1(

*$*@,+(=& H%B& (!"#$&0#1&5

;R <# '&%&$("&%& {a3,0) a2,1) a1,2) a0,3) a2,0) a1,1) a0,2} '%#9&B&=# !, , S&H(-# 45C) @.1(
!, .&"# # *.@*?&%&1,+# ETUV<# MKNO5 WB%&B# , S&H(-# 45C .*H#1(=# !, #BH*%*$ !-(.(+#/

?%($(=!9#/ "%(=,"&9& (n1,m1) = (0, 0)) (n2,m2) = (0.11N, 0)) (n3,m3) = (0, 0.25M))

9*1# $#=#$#B,1, ;R 5 WB "&H(-( ?#.#$* .& !,) B& ?(-#9* RGT) '&%&$("%# .%,@*@& !-*1&

&!#$'"*"!9# *'"#$&-=#) .*9 "*) B& '&%&$("%( "%(+(@& !-*1&) =#1( !-,L&15 G&#$() ;R <# *?#/

'&%&$("&%& !, *9* 1.35 ',"& ?(+# , *.=*!, =& *.@*?&%&1,+( ETUV<(5

EA: 1() # *?.1() '*9&B&-& B=&L&1=* H*-1( '(%J*%$&=!( , *.=*!, =& XQ: 3::;7) 9*1(

!( *@-(.&1, , !$&=1(=*$ '%&@, RGT<& B& *9* 8 .V # $&=1#$ ;R <*$5

6C



 !"!#$%"& '!($ )*+ ,-./

a20
90(1+ 1

2 !")
 !"N5M∆4

90
 !"N5M∆4

a02
90(1+ 1

2 !")
 !"M5N∆4

90
 !"M5N∆4

a11
72(1+ 1

2 !")
 !"M3N3∆4

72
 !"M3N3∆4

a30
2036.03+ 1844.46

 !"

 !"N7M∆6
1400

 !"N7M∆6

a03
2036.03+ 1844.46

 !"

 !"NM7∆6
1400

 !"NM7∆6

a21
1440+ 2160

 !"

 !"N5M3∆6
1080

 !"N5M3∆6

a12
1440+ 2160

 !"

 !"N3M5∆6
1080

 !"N3M5∆6

 !"#$! %&'(  !"#$ %&'&()*&'& +, --!#& ).*$($'&/$0 %1(123 +,#4-5#& $ 16718&'&932$

4:;<#$=

 !" #$ %&'()%*(

01 2, 34253 6$ 6$7!8 97 79:"&89;! 9<$ %$($ =0>?@ A!9 & 01 , 3 (! , 3B

01 2, 34253 :"$7;%!<C6! D$8$"!C&(!E&6F 2, 342534! 8! 01   *4$@ G7$6! 6$ &;%! 4

F:9%"$H&%& 01  1 7! H& ;$ 79H&9 01   * %"$I$D! "$7!B J&6& ;F :!"!#$%"& 7<! 8!6<&K! ;C96!

:"9:9"E&98!C8& :!"!#$%"&#! 8!6<&K&L ;C96$<! :9;#!%"!89D ;&D8!C!@  9%9# $;%&#&"!%& %$

:!"!#$%"$ 01 , 349#@

5M9 01  1 9:$"!%9"9# 7&'$"$8E&"!#9 '!(F ;&D8!C! s(n,m) &( N0@0>O FMF:89 (P − 3)

:F%! :9 m & n 9;&B 79H&I$#9 01   * %"$I$D! "$7!

 1

q,P−3−q
s(n,m) [n,m; τn, τm] = A2P−3

× exp



j
∑

k

∑

l
k+l=P, k≥q, l≥P−3−q

2P−3
k!l!ak,ln

k−qml−P+3+qτ qnτ
P−3−q
m ∆P

(k − q)!(l − P + 3 + q)
+

j
∑

k

∑

l
k+l=P−1, k≥q, l≥P−3−q

2P−3
k!l!ak,ln

k−qml−P+3+qτ qnτ
P−3−q
m ∆P−1

(k − q)!(l − P + 3 + q)
+ jφ1(n,m)



 , N>@PO

D76$ 6$ q Nq ≤ P − 3O H"96 7&'$"$8E&"!86! :9 n 9;& & φ1(n,m) :9C&89# %"9FD!989D

9HC&M! :"<9D ;%$:$8! N<&76$%& φ(n,m) &( "$C!E&6$ N0@0>OO@  "&#6$%&#9 7! F :"<96 ;F#&

QDF"&KF ;!#9 M9$QE&6$8%& &( P 4%9D ;C96! ;&D8!C! s(n,m)B 79M ;$ F 7"FD96 ;F#& 8!C!($ ;!#9

M9$QE&6$8%& &( (P−1)49D ;C96!@ *%9D!B $;%&#!E&69# :!"!#$%!"! %"$I$D & 7"FD9D ;C96! ;&D8!C!

 1

q,P−3−q
s(n,m) [n,m; τn, τm] #9R$#9 97"$7&%& 97D9<!"!6FI$ :!"!#$%"$ P 4%9D & (P − 1)49D ;C96!

'!($ s(n,m)B "$;:$M%&<89@ +;%&#!E&6F 9<! 7<! ;C96! #9R$#9 9H!<&%& &;%9<"$#$89B :9#9IF

01 , 34! F<$7$89D F :"$%L97896 ;$ME&6&@

ST



 !"#$%&"#' () $% !)*+,),$% -.  ./) 0) $%(,+ 1!"$%(,'2& q ,%('1'3$,'4 $%! 2#' +

2&),$+ () %2&"#"!)#' 2)#' 2%()# 5'%67"$%,)&)4 *%&"!" "0 P /&'8 23'$) " &!" "0 (P − 1)/'8

23'$)9 .) :" '(!%("3" 21% ;)!)#%&!% (1) ,)$1"<) 23'$)4 ,%';='(,' $% ,);!)1"&" &)51% "0:'!%

q 5'$" >% !%0+3&"!)&" -.   ?/'1"#) &!%>%8) !%() *"$% @)0% 0)$%(,' + (!+8'# " &!%>%#

23'$+ 2)(!A% '1% 5'%67"$%,&%9 B)() 2% '(!%(% ;)!)#%&!" (1) ,)$1"<) 23'$)4 ;)!)#%&!" ,"A"=

23'$%1) 2% #'8+ %2&"#"!)&" ,) '2,'1+ (%7="!;'1),'8 2"8,)3) ;!"#$%,'# 23"*,% ;!'7%(+!%9

C2&"#)7"',) ;!'7%(+!) ,) :)0" -. DE F/DGF/) $% 2+#"!),) + H):%3" I9J9

 '2&)1"&" p = P 4 xp(n,m) = x(n,m)4 n ∈ [−N/2, N/2], m ∈ [−M/2,M/2]9

 !"#$ p ≥ 3

C2&"#"!)&" ;)!)#%&!% (1) ,)$1"<) 23'$) 2"8,)3) xp(n,m) #)52"#"0)7"$'# -. E F/)

;!"#"$%,$%,'8 ,) 2"8,)3"#)  .

q,p−3−q
xp(n,m) [n,m; τn, τm]4 0) q/'1% "0):!),% "0 ",&%!1)3)

[0, q]9

K53',"&" %2&"#"!),% ;)!)#%&!% âk,l4 p− 1 ≤ k + l ≤ p4 "0 @)0% 2"8,)3) xp(n,m)

x′p−2(n,m) = xp(n,m) exp

(

−j
∑

k

∑

l
p−1≤k+l≤p

âk,l(n∆)
k(m∆)l

)

9

 '2&)1"&" p = p− 29

$%&  !"#$

C2&"#"!)&" ;)!)#%&!% âk,l4 0 ≤ k + l ≤ p 2"8,)3) xp(n,m) ;'#'>+ FFL/) ';"2),'8 +

?%57"$" I9M9

 !"#$! %&'(  ! "#$%&"'% ()*+,-.+/0+ -12/3+*-,4

C2&"#)7"$+ ;)!)#%&)!) (1) ,)$1"<) 23'$) ;'#'>+ -. DE F/DGF/) ':$)2,"#' ,)

;!"#$%!+ -.   ?/) *%&1!&'8 !%()9 .1)  ./) 2"8,)3) s(n,m) ;' n '2" ()$+ 2"8,)3 *"$)

$% @)0) ':3"5)N

∡ .
2,0
s(n,m)[n,m; τn, τm] = 2a1,3∆

4τnm
3 + 8a4,0∆

4τnn
3 + 6α3,1∆

4τnmn
2 + 4a2,2∆

4m2nτn

+2a1,2∆
3τnm

2 + 6a3,0∆
3τnn

2 + 4a2,1∆
3mnτn + 2a1,1∆

2τnm

+2a3,1∆
4τ 3nm+ 8a4,0∆

4τ 3nn+ 4a2,0∆
2τnn+ 2a1,0∆τn + 2a3,0∆

2τ 2n. OI9MPQ

-. E F ;!"#$%,$%, ,)  .

2,0[n,m; τn, τm] "#)>% #)52"#+# + &)*5" *"$% 2+ 5''!(",)&%

RS



 !"# $%# #&'( ')*!)'(!+

Ωn(n,m) = 12a3,0∆τn + 12a3,1∆
2τnm+ 48a4,0∆

2τnn,

Ωm(n,m) = 4a1,2∆τn + 8a2,2∆
2τnn+ 12a1,3∆

2τnm,

Ωnm(n,m) = 4a2,1∆τn + 8a2,2∆
2τnm+ 12a3,1∆

2τnn. ,-.//0

1"23!4 5!*!(#"*' {a3,04 a3,14 a4,04 a1,24 a2,24 a1,34 a2,1} $# (236 #$"'('*!"' 2 *#7'8!9:#(

52)';':! (!<$'(6(! =>? @AB>! 6 "*' "!C<# (n1,m1)4 (n2,m2) ' (n3,m3) ' *:#D!8!9:#(

$'$"#(!  2E':#9'F :# 9!C'9!+











â3,0

â′3,1

â4,0











=











12∆τn 12∆2τnm1 48∆2τnn1

12∆τn 12∆2τnm2 48∆2τnn2

12∆τn 12∆2τnm3 48∆2τnn3











−1 









Ω̂n(n1,m1)

Ω̂n(n2,m2)

Ω̂n(n3,m3)











,











â1,2

â′2,2

â1,3











=











4∆τn 8∆2τnn1 12∆2τnm1

4∆τn 8∆2τnn2 12∆2τnm2

4∆τn 8∆2τnn3 12∆2τnm3











−1 









Ω̂m(n1,m1)

Ω̂m(n2,m2)

Ω̂m(n3,m3)











,











â′′3,1

â′′2,2

â2,1











=











12∆τn 8∆2τnn1 4∆2τnm1

12∆τn 8∆2τnn2 4∆2τnm2

12∆τn 8∆2τnn3 4∆2τnm3











−1 









Ω̂nm(n1,m1)

Ω̂nm(n2,m2)

Ω̂nm(n3,m3)











. ,-./=0

1%'C924 a0,3 ' a0,4 $# 2 *#76:6 52(2&6 '$"# 5*2;# 6*#4 5*'(:#9:#9# 9! A?

0,2[n,m; τn, τm].

G! 28!: 9!C'9 $(2 #$"'(!;':6 =? AA1>! P >"23 *# ! $8#%' 9! #$"'(!;':# =? AA1>28!

"*#&#3! *# !4 <2:# $6 )9!C!:92 *!C69$<' 5*'F8!"%:'8':# 2 $"!9 !* 923 HI>!. J! 52"*#E#

25"'(')!;':# 5*#"*!3# 6 =? @AB>64 6 $#<;':' $! 96(#*'C<'( 5*'(:#*'(!4  #K9'$!&#(2

2 328!*!:6&6 52$"!8<6 LM $! <2:2( &# LM E'"' 6 $"!9:6  ! #K<!$92 2E!8' 52$"!8%:#9'

)! !"!<.

A#*N2*(!9$# 25'$!923 #$"'(!"2*! '$5'"!&#(2 9! 96(#*'C<'( 5*'(:#*'(! 6 9!*# 92:

$#<;':'.

 !" #$%&'()*( +'(%,&'

1 ;'%:#( #8!%6!;':# 5#*N2*(!9$' =? O@AB>OMB>!4 52$(!"*!%' $(2 "*263!29' =? AA1

C#"8*"23 *# ! $! $%# #&'( 5!*!(#"*'(!+ A = 14 a0,0 = 14 a1,0 = 4.5 ·10−14 a0,1 = 8.2 ·10−24
a2,0 = −1.5 · 10−34 a1,1 = 6 · 10−34 a0,2 = −2.2 · 10−34 a3,0 = 1.7 · 10−54 a2,1 = 4 · 10−54

PQ



-10 0 10 20 30 40
-200

-180

-160

-140

-120

-100

2D PPS P=4,MSE a
4,0MSE [dB]

[dB]
SNR

FFM

2D HCPF-HAF

CRLB

-10 0 10 20 30 40

-200

-180

-160

-140

-120

-100

-80
2D PPS P=4, MSE a

1,3MSE [dB]

[dB]
SNR

-10 0 10 20 30 40

-200

-180

-160

-140

-120

-100

-80
2D PPS P=4, MSE a

3,1MSE [dB]

[dB]
SNR

-10 0 10 20 30 40

-200

-180

-160

-140

-120

-100

-80
2D PPS P=4, MSE a

2,2MSE [dB]

[dB]
SNR

FFM

2D HCPF-HAF

CRLB

FFM

2D HCPF-HAF

CRLB

FFM

2D HCPF-HAF

CRLB

(a) (b)

(c) (d)
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 !" â4,0; 9<:  !" â3,1; 9=:  !" â1,3 $ 9>:  !" â2,2?

a1,2 = 3.73 ·10−5 a0,3 = −1.35 ·10−5 a0,4 = 4.5 ·10−6 a4,0 = −2.3 ·10−6 a1,3 = 1.23 ·10−6 
a3,1 = 3.2 · 10−6 ! a2,2 = 6.2 · 10−6" #!$%&' () *+&,-&% .& /*-&/*0 ∆ = 1 ! M = N = 100"

1&-&0)2-) *3*$& .!$%&'& ).2!0!-&'! .0* 4*0*56 7789& ! :; <=179<>79&" ? @!'(6

0!%!0!A&@!() $-)B/) !A,*- τn ! τm /*+ 7789& () %&4-&3'()% 4-)0& 6462.23!0& !A CDEF +*/

.0* /*+ :; <=179<>79& /*-!.2!'! τn = τm = 12" :; =17 () -&G6%&2 6 .')+)5) 2-! 2&G/)H

(5, 5) (5, 10) ! (10, 5)" I&/* ).2!0&@!(& 4&-&0)2&-& 4*0*56 :; <=179<>79& A&J2!()3&

3 4-)2-&$) 4* D; 4-*.2*-6 *42!0!A&@!(6 .0* !A3-B!'! 4*0*56 K> G!() .6 4*.2&3/) +&2) 6

L&,)'! M"N" O& +*,!(&%() %60)-!G/!J 3-!()+%*.2! 8#P9& /*-!B5)%* () 300 !2)-&@!(& 8*%2)

=&-'* .!06'&@!(&" #QR () 4*.0&2-&% 6 -&.4*%6 *+ −10 +S +* 40 +S"

8#P9! /&-&/2)-!.2!G%!J 4&-&0)2&-& %&(3!B)$ .'*(& â4,0 â3,1 â1,2 ! â2,2 4-!/&A&%! .6 %&

#'!/&0& M"T U&V U,V U@V ! U+V -).4)/2!3%*" W+&3+) 0*X)0* A&/'(6G!2! +& :; <=179<>7

!0& */* 8 +S %!X! 4-&$ #QR9& 6 *+%*.6 %& 778" Q&!0) 4-&$ :; <=179<>79& () %& −2
+S +*/ () 4-&$ 7789& %& 6 +S" 8)Y62!0 8#P 7789& !A%&+ 4-&$& () 6 4-*.!()/6 *+ 2

+S +* 3 +S 0&%(! 6 *+%*.6 %& 8#P :; <=179<>79&" W3* () 4*.')+!@& /*-!B5)%(& K>

6 *42!0!A&@!(! 4-)2-&$) :; =179&" #'!G%* 4*%&B&%() 8#P9& +*,!()%* () ! 6 CDZF $+() ()

4*/&A&%* +& :; =17 6 .'6G&(6 +!-)/2%) 4-)2-&$) +&() &.!042*2./! )[/&.%) 4&-&0)2-) 
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D .02'1 0&' :,+' ?EF 8 1G +)H) .2,; .2'16-,&(3, 0;20:,+ 105)-,/F 3'2 0:0;7I,&,

.2):3'+3)&06- -'4+)/' J, J+,*,3+0 +)H' &2)3'1+06-) <KL@,> M +,2'1+0: .0;(,&(37
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5$)' %' 1,7( +,'&,!2!8 9,'&,!2! (:1,7'#! +$ +,$%&$,. 5$/( %!-,;( 1(7' &!"!5! +,$-.5$1!<'

+,'*(:#(/' '%&()(,!#' 1,(/'-#$%&( ( $4,!&#$8 ='>.&()? 2.7<( +,$%&$, ./'-#$ :#!"( ( 1'<.

,!".#%5. %0$;'#$%&8 @&$2!? . +,!5%(? '%&()!*(/! +!,!)'&!,! %' $-1(/! . -1! 5$,!5!8 A

+,1$) 5$,!5. %' 1,7( +,'&,!2! +$ +,$%&$,. %! )!#/' &!"!5! -! 4( %' -$4(0! (#B$,)!*(/!

$ )$2.<$/ +$:(*(/( )!5%().)!8 C1$ +,'-%&!10/! &:18  !"#" $%&'()*'+"8 9$&$)? .

-,.2$) 5$,!5.? B$,)(,! %' D#! ),';! $5$ 2,.4$ '%&()(,!#$2 +!,!)'&,! ( +$#$1$ 1,7(

+,'&,!2!? 5$/! <' -!&( +,'*(:#(/. +$:(*(/. )!5%().)!8 E!5$ ( $1!/ -,.2( 5$,!5 #'5!-!

:#! -! 4.-' :!F&/'1!#? +,(%&.+(0$ %' +,$#!0!;'#/. &'F#(5! :! +,'*(:#$ $-,'>(1!#/' +$:(*(/'

)!5%().)! %! 7&$ )!#/$) ,!".#%5$) %0$;'#$7<.8 A $1$) +$20!10/. .+$:#!<')$ %'

%! G4$.&!#($%H=.02,'I 3G=6 !02$,(&)$)? -(F$&$)#$) +,'&,!2$) ( CJ@F'! )'&$-$)

KLMNHKLLN8 9$5!:!<')$ -! %' +,1' -1(/' &'F#(5' 1'$)! .%+/'7#$ )$2. .+$&,'4(&( .

'%&()!*(/( +!,!)'&!,! 99@H!? -$5 <')$ &,'<. )'&$-. 2'#',!0(:$1!&( :! OP 99@H' (

).0&(5$)+$#'#&#' 99@H'8
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G= !02$,(&!) +,1$4(&#$ /' 4($ +,'-0$;'# 5!$ )'&$-! :! D#$ $-,'>(1!#/' B,'51'#*(/'

%(#.%$(-'? 5!-! /' 2,.4! +,$*(/'#! (%&' +$:#!&! KLQN8 A KLQN? +$5!:!#$ /' -! %' B,'51'#*(/!
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 !"!#!$ %!#& '() * &+,&-. ./! 0+ ./!1.2* 340#-0,1.205 * 6789 20 (: ;4./20,20, ,! &-*

0+ ./!1.&,* ;4&10<*4*$

=<02* #&2! 20 /& .-.+!>! ;4&,!>!?!# (: !>@&4. /! &A2!+,./& ,! ;4./204* 0+ ./!1.20

340#-0,1.20 +.,*+&.<!>,&@ +.@,!>! ?!B-!C0,&@ !<. .-,./ A.20>./ D!*++E&-./ F*/&/ ν(n)

y(n) = A exp (j (2πk∆f + φ0)) + ν(n), n ∈ [0, N − 1], GH$IJ

@<20 +* A5 f . φ0 !/;>. *<!5 340#-0,1.2! . .,.1.2!>,! 3!?! +.@,!>!5 40+;0# .-,&5 <&#

;!4!/0 !4 ∆ ;40<+ !->2! #&4!# &<!A.4!,2!$ N 20 A4&2 &<A.4!#! +.@,!>!$

)40#-0,1.2* &-&@! +.@,!>! /&K0/& &<40<. . >&1.4!,20/ /!#+./*/! ,20@&-&@ )LE!

 

f̂ = argmax
λ

∣

∣

∣

∣

∣

N−1
∑

k=0

y(n) exp (−j2πkλ)
∣

∣

∣

∣

∣

2

.

(#& +! m̂ &?,!"./& ;&?.1.2* /!#+./*/! )LE!5 340#-0,1.2! +.@,!>! ?!<&-&>2!-! +>20<0C*

40>!1.2*

f =
m̂+ δ

N∆
, GH$MJ

@<20 20 δ5 δ ∈ [−0.5, 0.5]5 ;!4!/0 !4 #&2. @&-&4. ?! #&>.#& 20 + -!4,! -4.20<,&+ 340#-0,1.20

;&/2040,! * &<,&+* ,! ;&?.1.2* /!#+./*/!$ N &@!5 ;401.?,& &<40O.-!,20 f +0 +-&<. ,!

0+ ./!1.2* ;!4!/0 4! δ$

P! A. &<40<.>. δ ;&+/! 4!2/& <-! &<A.4#! )LE!

Xp =
N−1
∑

k=0

y(n) exp

(

−j2πkm̂+ p

N

)

, p = ±0.5$ GH$QJ

R!/20,&/ GH$IJ . GH$MJ * 40>!1.2* GH$QJ5 <&A.2!/&

Xp = exp (jφ0)
1 + exp (j2πδ)

1− exp
(

j2π δ−p
N

) + Vp5 GH$7J

@<20 20 Vp ">!, #&2. ;& ."0 &< F*/!$ S&< ;40 ;&+ !-#&/ (δ−p)≪ N 5 Xp /&K0/& ?!;.+! .

#!&

Xp = b
δ

δ − p
+ Vp5

b = −N exp (jφ0)
1 + exp (j2πδ)

j2πδ
$ GH$8J

T &<+*+ -* F*/!5 /!@,. *<! Xp 20

|Xp| = |bδ|
∣

∣

∣

∣
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∣
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 !"# $% |δ| ≤ 0.5& '()$%*)

δ =
1

2

|bδ| 1
0.5−δ

− |bδ| 1
0.5+δ

|bδ| 1
0.5−δ

+ |bδ| 1
0.5+δ

=
1

2

|X0.5| − |X−0.5|
|X0.5|+ |X−0.5|

+ ,-+-.

/#01$! 0%(!2)$! *!$% 1!3 *)0%"415 6%75 )73%85 60)$%*1#'4) 7! "#$5 40%9! "#0):#6!4)

;0%"6%12)$5 '! #*9)02)3! <=>!+ ?)*)3#& *! 7! @15 )14%0A#(!2)$5 ;0%"6%12)$%& *#6#($1#

$% )70!B51!4) <= 5 '!3# *6)$% 4!B"%+

 !"# C53 71!B!$1# 3#D% 1!05C)4) 0%A0%7%14!2)$5 <=>!& 5 EFGH $% A0%*(#D%1# #*0%8)6!1$%

δ "0#7 1%"#()"# )4%0!2)$!+ I3$%'4# *! #6!$ )4%0!4)61) A#'45A!" #9$!'1)3# 1! %'4)3!2)$)

')15'#)*%& 60!4)3# '% A!0!3%4!0'"#$ %'4)3!2)$) JJK>!& "#$! $% ) 4%3! #6#:! 0!*!& ) #A)C)3#

"!"# A#3#L5 MN !(:#0)43! 3#D%3# A#9#($C!4) 4!B1#'4 A!0!3%4!0! OM<>!+

J0%4A#'4!6)3# *! )3!3# :0595 A0#2)$%15 A!0!3%40! aP & â
c
P P

âcP =
1

k
argmax

ω

∣

∣

OM<

P−1
x (ω; τ)

∣

∣

2
,

OM<

P−1
x (ω; τ) =

∑

n

JQ

P−1[n; τ1, . . . , τP−1] exp(−jωn),

k = 2P−1P !∆P−1

P−1
∏

k=1

τk. ,-+R.

MN 4%S1)"! 60C) A#9#($C!1$% 4!B1#'4) âcP "0#7 )4%0!4)615 A0#2%*505 "#$! '% '!'4#$) )7 40)

"#0!"!P

 !"# $% J#'4!6)4) δ = 0T

 !"# &% U! q = 1, 2, . . . , Q )70!B51!4)

δ = δ +
1

2

|OM<P−1
x (kâcP + δ + 0.5; τ)| − |OM<P−1

x (kâcP + δ − 0.5; τ)|
|OM<P−1

x (kâcP + δ + 0.5; τ)|+ |OM<P−1
x (kâcP + δ − 0.5; τ)|

T ,-+V.

 !"# '% W*0%*)4) A#9#($C!1) A!0!3%4!0 âP

âP = âcP +
δπ

N∆P2P−1P !
∏P−1

k=1 τk
+ ,-+XY.
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<;&1<D<10 /(0)(!'< >! /!(!*0)(#*!8 E)"'!+ *# =*" "2!1 !&'"(#)!* /(#*10.#&# .! FGH #
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M C0&1# ,! '0.0(!&#><10*" "2!1 !&'"(#)!* .! =20 5N 0=)#*!)"(0 <20,0.0 < (!,<+

/(0)/"=)!2#*" ,! 10 ?#&1 0=)#*!?#10 *!;=#*#>!?#1! @<.;?#10 OHPkQ+ ',10 10 OH B#&" ;"1#

5N 0=)#*!)"( # k "=! /" ;"1"1 =0 2(:# /(0)(!'!8 G(0)/"=)!2#*" 1": ,! 10 #.#?#1!&.! /(0)(!'!

>! *!;=#*<*"* OHJ! "B!2&10.! .! #.)0(2!&< [Kmin, Kmax] =! (0>"&<?#1"* ∆k8 G">#?#1<

*!;=#*<*! ,"B#10."' .! "=."2< "20 /(0)(!'0 ">.!D#*" =! mc
8

E)!.,!(,.0 )0-.#;0 >! 0=)#*!?#1< /!(!*0)!(! B#+ < ;"(!;< /"B"&1:!.1! )!D."=)#+ #>2(:#&0

/(0",!B#(!.10 k "=0 .! #.)0(2!&< 3mc − ∆k,mc + ∆k6 < ."2#- 2∆k/∆k1 )!D!;! P∆k1

10 ;"(!; /(0",!B#(!.1!Q+ # /")"* "B!2#&0 /"."2.< /(0)(!'< >! *!;=#*<*"* OHPkQ8

N"B#10.# /!(!*0)!( B# /("'&!=#&# >! /"B"&1:!.# ;"0R?#10.)+ m̂8 S2!1 /"=)</!;+ ,!;&0+ >!

/"B"&1:!.10 )!D."=)# /!(!*0)(! m >!-)#102! /"."2." (!D<.!.10 0=)#*!)"(=;0 @<.;?#10 <

2∆k/∆k1 )!D!;!+ :)" .0;!,! *"C0 ,! /(0,=)!2&1! ,"=)! >!-)102.< /("?0,<(<8
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+ )18 OH0VOH(m
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OH±1 = OH(m
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∆k = ∆k/2,

!;" 10 OH1 >OH−1 ".,!

OH−1 = OH0 # k = k +∆k,
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 ! "#$%&$'

()1 = ()0 * k = k −∆k.

+,#-. &-%* ()(k) * "$!%-/*%* ()00()(k).

 !"# $% 1- 2#-3 4 m̂ "#56!%-/73- "$!756&3 /#*356&$!% k8

m̂ = k.

97:$#*%-' 35 *,/565& "$6 "#5%"$!%-/2$' 6- 354  $2$7*&* m4 ()4 ,- k < m4 '$&$%$&$

#-!% ;- < &2=*3-4 6$2 354 ,- k > m4 '$&$%$&$ $"-6-3 ;- < &2=*3-> ?$6 %*'  !7$/*'-4

3-!&$ 35 6- !5 m &-7-,*  *&%5#/-7 [mc −∆k/2,mc +∆k/2]> @- 7* 35 m !- 7*35/5 *7* 65!&5

!%#-&5 mc
4 ,-/*!* $6 /#*356&$!%* ()A- &- 2#-35/*'- "$!'-%#-&$: *&%5#/-7-> 92$ 35 ()Bmc

−∆k/2C>()Bmc +∆k/2C4 !*: #&* !'$ 6- 35 "$,*=*3- !%/-#&$: '-2!*' '- 7*35/$ $6 mc
4

* $D#-%&$> @- D* $6#56*$ "$,*=*3 !%/-#&$: '-2!*' '-4 $"*!-&* -7:$#*%-'  6# :$'

2$#-2 4  !/-2$3 *%5#-=*3*4 /#E* "$7$/735&35 "$!'-%#-&$: *&%5#/-7-4  !'35#-/-3 ;* "#5%#-: 

2- /5;*' /#*356&$!%*'- ()A-> 1-2$& L *%5#-=*3-4 -7:$#*%-' "#5%"$!%-/73- 6- 35 *&%5#/-7

$2$ m 6$/$73&$ ! F5& * ,- /#*356&$!% m4  %#5;5' 2$#-2 4  !/-3- /#*356&$!% !#56*E&35 %-.25

"$!756&35: "$!'-%#-&$: *&%5#/-7-> G !52=*3* !- & '5#*.2*' "#*'35#*'- /*635;5'$ 2$7*2$

35 6$/$73&$ *%5#-=*3- !"#$/5!%* 6- D* !5 6$!%*:75 %5$#*3!25 /#*356&$!%* HI(A-  "$%#5D735&5

%5J&*25>

?#*'35%*'$ 6- L *%5#-=*3- 6*J$%$'&5 "#5%#-:5 35 52/*/-75&%&$ "#5$6-D*#-&3 $!5
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24/ $-#)-+1+ 6# !1-+*&,+.+ *+ 01 & 04 & $!-#>#*'# 
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7!-+7+I

∆k1 = ∆k1/2,
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A7! '# ?@

k1
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−1/ !*%+

m̂1 = m̂1 +∆k1/
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k2
±1 = )*(m̂1, m̂2 ±∆k2/2),

 !"# $% -.!/0/'# 123#"&.4 5#61/5%5# '7 2#$6# 8m̂1, m̂29,

):6#1&.12 .37 ;".07<%"7 =/>7 "#!5#2"#&# % 1760/'/ 1# &%57"/$6/5 ;"/5'7"/5#,

*/&# 712/5#0/'# ;.5.>% ?@ </A.2.5&7 ;"72"#47 !#A2/'73# "#$%&#&'7 712/5#2."167

B%&60/'7 % %6%;&. 4(L + 1) 2#$#6#, C&#'%>/ <# '7 ?@ </A.2.5&# ;"72"#4# 763/3#D7&2&#

/&27";.D#0/'/ ;".12."# ;"72"#47 % 2L × 2L 2#$#6#+ .3/5 #D4."/25.5 ;.12/E75. .4".5&%

%F27<% % =".'% "#$%&16/A .;7"#0/'#, G# %F27<# /!&.1/ (2L × 2L − 4(L + 1))U .;7"#0/'# %

.<&.1% &# 6D#1/$&% /&27";.D#0/'%+ 4<'7 '7 U 1D.E7&.12 712/5#2."167 B%&60/'7,

@/A.2.5&# ;"72"#4# 17 5.E7 /5;D757&2/"#2/ / !# ;".12."7 ;"72"#47 3/F74# "7<#,

-"/5'72/5. <# 1# ;."#12.5 </57&!/'# ;"72"#47+ %F27<# % =".'% "#$%&16/A .;7"#0/'# 17

<"#12/$&. ;.37>#3#,

 !" #$%&'( )'*+,

C# "#!D/6% .< ;"37 <3/'7 27A&/67+ 6.'7 1% ;.=.D'F#&'7 2#$&.12/ ;#"#572#"# .=#3D'#D7

/27"#2/3&/5 ;.12%;6.5 / =/D7 B.6%1/"#&7 &# 1#5. '7<#& ;#"#572#"+ HIJA7# 572.< 3"F/

;.=.D'F#&'7 2#$&.12/ 13/A ;#"#572#"# .<'7<&.5+ &7 6."/127>/ /27"#2/3&7 ;.12%;67 KLLM,

-.< ;"72;.12#36.5 <# '7 /!3"F7&# /&/0/'#D&# 712/5#0/'# ;#"#572#"# ai, i = 1, . . . , P + 2', <#

1% &#5 ;.!&#2/ /&/0/'#D&/ ;#"#572"/ âci , i = 1, . . . , P + 2#$&.12 ;#"#572#"# --JN# 5.E7 17

;.=.D'F#2/ 6".! ;".07<%"% /! $72/"/ 6."#6# 6.'# '7 .;/1#&# % &#12#36%(

 !"# &% O6D.&/2/ âci , i = 1, . . . , P /! B#!7 1/4&#D# x(n)

xd(n) = x(n) exp
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âck(n∆)
k
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. 8P,QQ9
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 !"# $%  !"#$"%&$ '()&!" V !* !*+$"%)% ,%-( .$/0%1% x0(m)2 )!3!3 .4 5"(&6!*0!

!*.&"%03(0$ 0%/1$ .)!)!'$ !* ±2π7 V 3( 5!1$0!# .% 5%"%#(&"$#% a =

[a0, δa1, · · · , δaP ]2 /*3( 3( δai = ai − âci 2 k = 1, 2, . . . , P 7 81(#(0&$ '()&!"% a .(

#!/4 !*"(*$&$ .1(*(9!# #%&"$:0!# 3(*0%:$0!#
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δ̂ai
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â0 = â0. ;<7=E?
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FFG P K&!/ "(*%7 LMG6(% #(&!* )!"$.&$ &4 :$03(0$C4 $ 4 )!"%C$#% >7 $ @7 (.&$#$"% !'(
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x(n) = exp
(

j(0.7n− 3.5 · 10−3n2 + 6.7 · 10−6n3 − 2.4 · 10−8)
)

+ ν(n),

n ∈ [−128, 128]: MN:AOP
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x(n) = exp
(

j(n− 4.3 · 10−4n2 + 1.2 · 10−6n3 − 7.9 · 10−8n4 + 4.1 · 10−10n5)
)

+ ν(n),

n ∈ [−128, 128] FG(HHI
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= exp
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+0.7 exp
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66 #89#&: ;&<  !" â3,0= ;><  !" â0,3= ;?<  !" â2,1= ;0<  !" â1,2= ;)<  !"

â2,0= ;@<  !" â0,2A

 !"# $%&'" (()'*+'" , (()'-%'" ./ ,01, , ,2340, 454 −1 678
9 4:4; <!,;./!= :,6./>, 0;4 6" 23"?". 6,@414;3/ <!/1!"#/ ,1/5"54 64>"2, 64 ,2!"A"."

5"6" ./ = <,1"3.= /01,;"B,." C*   $'"8 D46 C*   $'"E 6" F, 0/ ,2:!G,>" H3" <!/1!"#"E

<41!/F34 ./ C* <!4014! ,31/!<4>,!"1, = :/>,54; F!4.= 1"?"5"E G14 23" 6" F=6/ !"?=305,

2"@1./:348 $" ,;<>/;/31"B,.4; 6,@414;3/ <!/1!"#/E =0<./>, 0;4 6" 401:"!,;4 :,045=

1"?3401 0" 23"?".34 ;"3.4; 54;<>/5034GI=8

 !"#$%! &' 9 A/>., 6" 0;"3.,;4 )$J 54/HB,./3"1" C*   $'"E = 4:4; <!,;./!= 0;4

3" <"!";/1!/ /01,;,!"3/ (()'4; <!,;./3,>, C* KL$@/" ">#4!,1"; M(()'(%N8 $,#3"> 0"

,01,; <"!";/1!,;" 5"4 , =  !,;./!= O ./ !"2;"1!"3 , 4:6./8 %" $>,B, P8Q ,2:!G,>, 0;4

<4!/R/3./ )$J'" (()'" , (()'(%'"8
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9&:  !" â3,0; 9<:  !" â0,3; 9=:  !" â2,1; 90:  !" â1,2; 9):  !" â2,0; 9>:  !"

â0,2?

 ! "#!$%! &!'( &)'( &*' + &,'  -+%. /01 2+,+34 ,! 5! +36-.3.78!*+943 !-"4#+83! +:

 .%*+9. /01 ; <=+ 6!#!3.8!#! >>;=>?=! ,458+@A BCDE=.( 6#+ 843. 7. 3+9.79!9AF+ 6#!"

4#+"+7!-74" >>;=! %49+ + ,!-9. 458!9. 7! −1 ,E0 G!%-.( 5! HI J.! !-"4#+8343( 4582!#+-+

534 :! 2 ,E 3!79+ ; <0 ;4@. 5. 64%!:!8+ ,! 5.( 5! 64#!5843 #.,! KG LL =!( 642.F!2!

+ 42! #!:-+%!0

H2+3 6#+39.#43 + :!2#M!2!34 64"-!2-9. A %43. 534 64%!:!-+ 5A6.#+4#7458 HI J.!

!-"4#+83! A 64)4-9M!2!79A 6!#!3.8!#! 3474%43647.7874" LL =!( 3A-8+%43647.7874"

LL =! + KG LL =!0 ?!643+79.34( ,! 534 A 4249 5.%*+9+ .2!-A+#!-+ 6.#N4#3!75. 5!34

7.%+J #.6#.:.78!8+27+J 8.J7+%!0  -+O7+ #.:A-8!8+ 5. 34"A 4582!#+8+ + 5! ,#A"+3 .58+3!*+47+3

3.84,!3! A:.8+3 :! 4,#.P+2!79. +7+*+9!-7+JQ"#A)+J 6!#!3.8!#!0

RS1



 !"#$%#&' (

 )*+&',$ '-.*+$.!)$   /0$

 !"!# $!%&'"&()* +,',(- ./-0-,! ) -./1#'21(1 $'3'#-/'3' 4456' $31#(-,17-#!

,' -./1#'21() .1%,'&' 8!(1 ./19) ,' ',/-,.8) 3-:-/8) 1 -./1#'21() 3';'3.81< .1%,'&'=

4!8'+'7-#! 8'8! .- ,' !.,!") >?@6' 1 A4@6' #!9- 1+"3:1/1 -B8'.,' -./1#'21(' 4456'

$31#&(-,!% ',/-,.8!# 3-:-/8!#= C'8! (- ) !"'8"1# .1./-#1#' !; 1,/-3-.' 1 $!+,'"',(-

;!&'+,!% )%&' DEF? 6 -,%&=  !"#$%!&' &( )""!*)+ G* $!3-; $'3'#-/'3' 4456' -./1#13'7-#! 1

!") "-&101,)=  3';'3.81# .1./-#1#' .1%,'&1 !; 1,/-3-.' .) !H10,! #)&/18!#$!,-,/,1=

IH!% /!%' 7-#! ) !"!# $!%&'"&() $3-;&!91/1 #!;1B8'21() A4@6' 8!(' (- ) ./',()

;' .- 1+H!31 .' 83!.60&',!"1#'* )+3!8!"',1# $!./!(',(-# "1:- 8!#$!,-,/1 .1%,'&' 1

,-&1,-'3,!:7) A4@6'=

 !" #$%&'()&*( +(,('-%(,( ../0( +,&'1*-234

(2%-2$53' ,-6-%53'

 .!,'31#'* .1%,'&1 -#1/!"',1J3-K-8/!"',1 !; ./3',- #!3.8!% .1.'3' #!%) .-

#!;-&!"'/1 445 #!;-&!# LMNO6LPQO= E' H1 .- :/! /'0,1(- !;3-;1&1 $'3'#-/31 1 ;!&'+,1

)%&!"1* '8"1+121(' !"1< .1%,'&' .- !H'"&(' $!#!7) 3-:-/8- !; ,-8!&18! ;-.-/1,' ;! ,-8!&18!

./!/1,' $3'"1&,! 3'.$!3-R-,1< .-,+!3'= S': 21&( ) !"!( .-821(1 H17- ;' ,' !.,!") $!;'/'8'

.' $31(-#,1< .-,+!3'* )+ $!#!7 -./1#'/!3' !$1.',1< ) 5-821(1 T* 1+"3:1#! $3!21(-,) EF?6-

1 $'3'#-/'3' -#1/!"',!% .1%,'&'=

 &1/-3'/)31 .- #!%) ,'71 H3!(,1 3';!"1 8!(1 .- H'"- $3!H&-#'/18!# -./1#'21(- !"'8"1<

.1%,'&'= C'! 1 -./1#'/!3- 4456'* 1 -./1#'21() .1%,'&' ) .!,'31#' $3'/- 1./1 $3!H&-#1=

U'0,1(- /-<,18- +'</1(-"'() "-&18) 3'0),.8) .&!9-,!./* ;!8 .) !,-* #',(- /'0,-* 3'0),.81
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 !"#$%&'("$"()* +,'"-,."(%'-, /%0-" 1)%./,!.)! 2+345  !)67&%$'(% &)#-"89 9$)6)-9 7%

:"'(). 7.%-()-(% !%;9-78) 8,. ')87-,7&" <=>% ?@AB* C%8, () -()D,$% 8,. ')87-,7&

0-%;%(-, .%-(% 9 ,6-,79 -% <=E +34 ()  !".()-'("$ 7%., 6, ++F>% 6!9D,D% !)6%E

()! 0% 7"D-%') $)G)D% !)6% 0%#&"()$% HI " $)G9  !)&!%D9* J ?KABE %9&,!" 79 8,!"7&"'" LM3 6%

1" 6,N'" 6, D!91"#  %!%.)&%!% 8,() 79 8%7-"()  ,1,'(N%$%'"  ,.,G9 O%'.%->,$"# P'&%!%*

O%7-"() () ,$%( .)&,6  !".()-()- -% .9'&"8,. ,-)-&-) 7"D-%') ?K@B* I% 1" 7) )7&"."!%'"

.9'&"8,. ,-)-&-" 7"D-%'"E 9 ?KAB " ?K@B  !)6',Q)-) 79 &)#-"8) 0% R7'"() ,R !%06$%(%-()

8,. ,-)-&"* S%8,T)E  !)6',Q)-) 79 " &)#-"8) 8,() $!N) )7&".%:"(9  ,6$,6-"# 8%-%'% 8!,0

8,() 7) 7"D-%'  !,7&"!) ?KUBE ?KVB* W$) &)#-"8) 79 1%0"!%-) -% $!).)-78,>/!)8$)-:"(78,(

%-%'"0" " <)''"->,$". &!%-7/,!.%:"(%.%*

F$" -%$)6)-" )7&".%&,!" "0$)6)-" 79  ,6  !)& ,7&%$8,. 6% ()  !".'()-" 7"D-%'

978, ,(%7%-* <)T9&".E 8%6% 7) !%6" , .!)Q%.% 7)-0,!% ;"(" () 1!,( !)6% 7&,&"-%E

 !)& ,7&%$8% , 978, ,(%7-,7&" -) 7&,("* F&,D%E 8%, ()6%- ,6 6, !"-,7% ,$) &)0) () " -,$"

%'D,!"&%. 0% )7&".%:"(9  %!%.)&%!% ++F>%  !".'()-"# ,$%8$". 7"7&).".% ?KHB* W "7 ,$,D

%'D,!"&.%E 8%, " "7 "&"$%-() -()D,$"#  !)!/,!.%-7" 1"G) :)-&!%'-" 6", ,$,D%  ,D'%$'(%*

 !"!" #$%&' ()*+,',

++F s(n)E 6)P-"7%- 9 F)8:"(" A*VE  !".'()- %-&)-78,. !)N)&8,. ,6 M ,.-"6"!)8:",-"#

7)-0,!%E 7) .,Q)  !)67&%$"&" 7')6)G". .,6)',.X

y(n) = a(θ, n)s(n) + v(n), n = −N/2, ..., N/2, 2Y*V5

D6() () a(θ, n) &0$*  !! " #$%%!&'( )%*$+! 6".)-0"(% M × 1E v(n) $)8&,! Z%977>,$,D N9.%

6".)-0"(% M × 1 " N + 1 1!,( ,61"!%8% 7"D-%'% s(n)* +!)& ,7&%$"., 6% () N  %!%- 1!,(*

M!!%[ 7&))!"-D $)8&,!,. 7) .,6)'9() 9&":%( !%0'";"&,D $!).)-% 6,'%78% 7"D-%'% s(n) -%

7)-0,!) %-&)-78) !)N)&8)X

a(θ, n) = [1, exp(jω(n)ψ), ..., exp(jω(n)(M − 1)ψ)]T . 2Y*A5

J !)'%:"(" 2Y*A5E ω(n) () &!)-9&-% /!)8$)-:"(% 7"D-%'%E

ω(n) =
P−1
∑

i=0

(i+ 1)ai+1(n∆)
i, 2Y*@5

6,8 7)  !)8, ψ "0!%Q%$% IWME θE -% 7')6)G" -%;"-X

ψ =
d

c
sin(θ), 2Y*H5
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 !"# "# d $%&'("%)"# *+,#-. !/% &.&"#!)% &#)+($% * c 0$+*)% 1$(&'*$%)"% &* )%2%3 4*2"

#&'*,%5*"# "# (!$#!*'* /#6'($ )#1(+)%'*7 1%$%,#'%$% V = [θ, a1, · · · , aP ] (0$%!(, y(n)3

 !"!# $%&'(%)'*+&(' ,+-(' ./+),%0)/0

89: &# !#;)*<# 6%( =>?@A

F (V) =
1

MN

∣

∣

∣

∣

∣

∣

N/2
∑

n=−N/2

yH(n) exp

(

j
P
∑

k=1

ak(n∆)
k

)

a(θ, n)

∣

∣

∣

∣

∣

∣

2

, BC3DE

 !"# (·)H 1$#!&'%/2"% F#$,*'&6* (1#$%'($3 G+$%+ . $#2%5*"* BC3DE "# BP + 1E !*,#)+*()%

H.)65*"% * )"#)(, ,%6&*,*+%5*"(, ,( .I# "# (!$#!*'* )#1(+)%'# 1%$%,#'$# [θ, a1, . . . , aP ]3

J0( /#2*6# $%K.)&6# 6(,12#6&)(&'*L 89: "# ( $%)*K#) )% 88M !( !$. ( % $#!%3 N

=>?@L .1('$#0% OP . (1'*,*+%5*"* (/# H.)65*"#L &,%)"*2% "# &2(Q#)(&'L %2*L *&'(/$#,#)(L "#

1( ($<%2% * '%K)(&' #&'*,*$%)*7 1%$%,#'%$%3 N Q#2"* !% #&'*,*$%,( 1%$%,#'$# 88MR% *

STPR.L &% <'( ,%)"(, $%K.)&6(, &2(Q#)(<I.L . )%$#!)(" &#65*"*L $%+,%'$%I#,( )%K*)

*,12#,#)'*$%)"% US #&'*,%'($% 88MR% . #&'*,%5*"* 1%$%,#'%$% &* )%2% y(n)3

 !"!1 "2 /34')+5'*+ 3'6(+&+ 70')&*/('8 +(4/(39%) 0/:/49%)

S% 0*&,( *,%2* "%&)*". $#1$#+#)'%5*". ,(!#2% &* )%2% (1*&%)( . M#65*"* C3U3UL

1(&,%'$%",( &* )%2 1$*,2"#) mR'*, &#)+($(,A

ym(n) = A exp

{

j(aP (n∆)
P +

P−1
∑

i=0

(ai + (i+ 1)ai+1ψm)(n∆)
i)

}

+ νm(n)L

m = 0, ...,M − 1. BC3VE

J% ;6&)( mL (/( "# * !%2"# 88M P R'( $#!% * )"# (/* 1%$%,#'$* &# ,( . #&'*,*$%'*

1$*,"#)(, 8S (1#$%'($%3

(P − 1) %.'(6($#2%5*"% ym(n) $#+.2'."# &2#!#I*, &* )%2(,

8S

P−1
ym(n)[n, τ ] = A2P−1

exp
{

j[2P−1P !τP−1∆PaP (n+mψ/∆)

+2P−1(P − 1)!(τ∆)P−1aP−1]
}

+ ν1,m(n)

= B exp
{

j2P−1P !τP−1∆PaPn
}

exp
{

j2P−1P !τP−1∆P−1aPψm
}

+ ν1,m(n),

m = 0, ...,M − 1, |n| ≤ N/2− (P − 1)τ, BC3WE
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 !"# "#

B = A2P−1

exp
{

j2P−1(P − 1)!(τ∆)P−1aP−1
}

. $%&%'

()*+"#,*+- !. (/

P−1
xm(n)[n, τ ] 0)#!1,.23". 0)-*42-! !2*"# 5-+03#516# 1*671-*!# 0- n * m -1*8

)#10#5,*26-& 9)7:6. 7;#1,.6-1, 1*671-*!# 0- n -1* "# ωn = 2P−1P !τP−1∆PaP 8 !-5 -6# 0-

m -1* *46-1* ωm = 2P−1P !τP−1∆P−1aPψ& 9.5- 17 6#0-46.,# 7 -2*+ <)#52#6=*".+. 1.+-

0.).+#,)* aP * θ8 *1,# 1# +- 7 #1,*+*).,* #1,*+.=*"-+ ωn * ωm>

âP =
ω̂n

2P−1P !τP−1∆P
, $%&?'

θ̂ = arcsin
( c

d
ψ̂
)

= arcsin

(

c

d

ω̂m

2P−1P !τP−1∆P−1âP

)

. $%&@A'

(.).+#,.) ωn +-:#+- #1,*+*).,* 3-5.=*"-+ +.51*+7+. BCD. (/

P−1
ym(n)[n, τ ] ).;76.,- 

0- n -1*8 !-5 ωm 1# +-:# -!)#!*,* *4 BCD. *1,- 1* 6.3. .3* 1.!. ).;76.,- 0- mD-1*&

9.5- *+.+- M 1#64-). * 75706- N + 1 − 2(P − 1)τ -!E*).5. 1* 6.3.8 *+.F#+- *

,-3*5- #1,*+*).6*G 0.).+#,.). ωn * ωm8 )#10#5,*26-& 9-6.;6. 2)*"#!6-1, 0.).+#,). 1#

+-:# !-E*,* 71)#!6".2."#+ )#473,.,. 0- 12.5-+ 1#64-)7 *3* 2)#+#615-+ ,)#67,57& H

IJKL8 0)#!3-:#6- "# αD,)*+-2.6"# !-E*"#6*G )#473,.,. 7+"#1,- 1,.6!.)!6- 71)#!6".2.6".

!-E*"#6*G #1,*+.=*".& αD,)*+-2.6"# 6*4. X -! N #3#+#6.,.8 1# !#M6*N# )#3.=*"-+>

C)*+α[X] =
1

N(1− 2α)

⌈(1−α)N⌉
∑

k=⌊αN⌋

Xs (n) , $%&@@'

 !"# "# C)*+α[·] -0#).,-) ,)*+-2.6".8 α 0)-=#6., -!E.;#6*G #3#+#6.,. * Xs
1-),*).6

2#5,-) #1,*+.=*". X& αD,)*+-2.6"# -+- 7F.2. !. 7 71)#!6".2.6"7 !-E*"#6*G 2)*"#!6-1,*

6# 7;#1,27"7 -6# 6."2#F# * 6."+.6"#8 "#) -6# 2"#)-2.,6- 0)#!1,.23"."7 #1,*+.=*"# 5-"# 0-

2)*"#!6-1,*+. 46.;."6- -!1,70."7 -! 7-E*;."#6*G8 ,"& -5.).5,#)*1.6# 17 2#3*5-+  )#N5-+&

(.).+#,)* 6*:# . )#!. +- 7 1# -!)#!*,* !#=G*)0-2.6"#+ #1,*+*).6*G 0.).+#,.).8

ydm(n) = ym(n) exp
(

−j
(

(n∆)P + Pm (n∆)P−1 ψ̂
)

âP

)

, m = 0, . . . ,M − 18 $%&@O'

* 0-6.23".6"#+ 13*;6# 0)-=#!7)#& P. -2." 6.;*6 1+- 0)-E3#+ #1,*+.=*"# 0.).+#,.).

[θ, a1, · · · , aP ] 12#3* 6. 0)#,).:*2.6"# 0- @/ 0)-1,-)7& H !.3"#+ ,#51,78 -27 +#,-!7 F#+-

42.,* ((Q #1,*+.,-) $((QR'&

()*+"#,*+- !. 4. #1,*+.=*"7 0.).+#,.). <.4# 1* 6.3. s(n) +-:# E*,* 5-)*NF#6. E*3- 5-".

#1,*+.=*-6. 0)-=#!7). -0*1.6. 7 Q#5=*".+. S * K&@8 !-5 1# 0.).+#,.) θ +-). -!)#!*,* *4

(/

P−1
ym(n)[n, τ ]&

@@A



 !"#$%"&" '() * '(+ ,"-* ./ "%012*-&* 3" $.-*&"4*5/ 6"2"&$-"2" 7789" ,2/010 * -2$:$0

2$," 3".;1<";* ;" =12*>:$;5/ α9-2*&1<";5"( 778 ,2/010 2$," $.-*&*2"; 5$ /3 61&1:

?@A9"B ,1= .$ 3" $.-*&"4*5/ 6"2"&$-"2" 7789" -2$:$0" 2$," =12*.-* C7AB 5$2 5$ 61="3"1

1,2$D$;$ 62$,;1.-* / 1,;1./ ;" ?@A(

 !" m = 0 #! M − 1

E32"F/;"-* 7G

1
ym(n)[n, τ ] = ym (n+ τ) y∗m (n− τ)B 0,5$ 5$ τ = N/4(

H.-*&*2"-* am2 *3 A! 7G
1
ym(n)[n, τ ] 2"F/;"-$ 61 n 1.*

âm2 =
argmaxωn{ !n["#1

ym(n)[n,τ ]]}
4τ∆2 .

$%&  !"

H.-*&*2"-* a2 61&1:/ α9-2*& 16$2"-12"I

â2 = !2*&α

[

â02, â
1
2, ..., â

M−1
2

]

(

 !" n = −N/4 #! N/4

H.-*&*2"-* θn *3 A!9" 7G1
ym(n)[n, τ ] 2"F/;"-10 61 m 1.*

θ̂n = arcsin

(

c
d

argmaxωm{ !m["#1
ym(n)[n,τ ]]}

4τ∆â2

)

.

$%&  !"

H.-*&*2"-* θ * ψ

θ̂ = !2*&α

[

θ̂−
N
4 , θ̂−

N
4
+1, ..., θ̂

N
4

]

,

ψ̂ = d
c
sin(θ̂).

 !" m = 0 #! M − 1

 =%1;*-* $.-*&*2";$ 6"2"&$-2$ *3 J"3$ m9-10 .*0;"%"

ŷdm(n) = xm(n) exp
{

−j((n∆)2 + 2m(n∆)ψ̂)â2

}

.

H.-*&*2"-* am1 *3 A!9" ŷ
d
m(n) 2"F/;"-10 61 n 1.*

âm1 = argmaxω
{

A!n

[

ŷdm(n)
]}

.

$%&  !"

H.-*&*2"-* a1 ="1

â1 = !2*&α

[

â01, â
1
1, ..., â

M−1
1

]

.

 !"#$! %&'(  !"#$%&'( )' *+&%(',%-. /'$'(*&'$' 0012'3 P = 24

72$-61.-"<*&1 ym(n) .%$,$:$0 1#%*="I

ym(n) = A exp{j[A0 + A1n∆+ A2(n∆)
2 + A3(n∆)

3]},
A0 = a0 + a1mψ,

A1 = a1 + 2a2mψ,

)))



A2 = a2 + 3a3mψ,

A3 = a3.

 !" m = 0  ! M − 1

"# $%$&' $ ('&'%) &) Am
3 '*+ Am

2 (!%!,- ./01' &'2-*' !3 - +4' 4&)%)*#5'

 &)*- 5' n = 0 $ n = n1 ≈ 0.11N *' #6)+),$ *'2$*7

Ω0 = argmaxΩ |./0ym(0,Ω)|,
Ω1 = argmaxΩ |./0ym(n1,Ω)|,

Âm
2 = Ω0/2,

Âm
3 = (Ω1 − Ω0)/(6n1∆).

89&'2-*' $ /:

2
ym(n)[n, τ ]; 3+<) <) τ = N/6.

#$%  !"

&'7 "# $%$&' $ A3

Â3 = â3 = =&$%α

[

Â0
3, Â

1
3, ..., Â

M−1
3

]

.

 !" n = −N/6 (! N/6

"# $%$&' $ θn

θ̂n = arcsin

(

c
d

argmaxωm{ !m["#2
ym(n)[n,τ ]]}

24τ2∆2â3

)

.

 !" #$%

 !"#$#%&"# θ # ψ

θ̂ = '%#$α

[

θ̂−
N
6 , θ̂−

N
6
+1, ..., θ̂

N
6

]

,

ψ̂ = d
c
sin(θ̂).

#$% m = 0 &$ M − 1

 !"#$#%&"# am2 #( Âm
2 !& âm2 = Âm

2 − 3â3mψ̂.

 !" #$%

 !"#$#%&"# a2

â2 = '%#$α

[

â02, â
1
2, ..., â

M−1
2

]

.

#$% m = 0 &$ M − 1

)*+,-#"# Âm
2 # Âm

3 #( .&(/ !#0-&+& ym(n)

ŷdm(n) = ŷm(n) exp
{

−j
(

Âm
2 (n∆)

2 + Âm
3 (n∆)

3
)}

.

 !"#$#%&"# Am
1 #( 1'2& ŷdm(n) %&34-&",0 5, n ,!#

Âm
1 = argmaxω

{

1'n

[

ŷdm(n)
]}

.

 !"#$#%&"# am1 #( Âm
1 6 â

m
1 = Âm

1 − 2â2mψ̂.

 !" #$%

778



 !"#$#%&"# a1

â1 = '%#$α

[

â01, â
1
1, ..., â

M−1
1

]

.

 !"!#$%&'$( ()*+,&-+$(

 !" m = 0 #! M − 1

()*)+,-&"# "&./)!" 0&%&$1"&%& Am
1 2 A

m
2 &/3 Am

3 45 0)$)6 789:1& &+;)%#"$&<

$%&  !"

()/)=#"# >)%&>1 0).1= )3 '(2 >)%#!"16# 0)*)+,-&/1 0&%&$1"%1 Am
1 2 A

m
2 # Am

3 <

 !"#$! %&'(  !"#$%&'( )' *+&%(',%-. /'$'(*&'$' 0012'3 P = 34

)*#+,-.+/- 0-"-,$#-"- 1123- 4+5$6- + %$0!7%-#!6 "$&-

? 0)3=)3/), &>4!"#@# .1!") !1 !%164 !#;/&+# >),# !1 $);4 $)31+)=&"# ((9A)$ .#,# ,1

%13 =16# )3 "%# BCDE< F+;)%#"&$ )0#!&/ 4 )=), !1>@#,# !1 4!0#,1-/) $)G1 0%#$,1/#"# # /&

)=&>=1 !#;/&+1< H&>)/ 1!"#$&@#,1 aP # θ >)%#-61/,1$ IJ<KL # IJ<MNL2 0&%&$1"%# /#G1;& %13&

!1 )3%1O4,4 0%#$,1/)$ PFQA& /& !#;/&+ IJ<MCL< R1O4"#$2 )=3,1 "%1*& #$&"# /& 4$4 3&2

5*); =#!)>); 0%&;&2 PFQ /1 $)G1 *#"# >)%#-61/ /& /#!>#$ 9HSA)=#$&< 9");&2 4 "&>=#$

4!+)=#$& *)+,1 ,1 40)"%1*#"# PT(QAPFQ #+# P7T(QAUV<

?>)+#>) %13 ((9A& /#,1 0)5/&"2 (V )01%&")% $)G1 0)!+4G#"# 5& )3%1O#=&/,1 )=1 =1+#.#/1

BKE< H&#$12 3& *# )3%13#+# P 2 W&54 ym(n) "%1*& 3#W1%1/@#%&"# !=1 3)> !1 /1 3)*#,1 !#;/&+

.#,# !01>"&% !&3%G# !&$) ,13/)!$,1%/4 >)$0)/1/"4< X%), (VA& )3;)=&%& %134 !#;/&+&<

F+"1%/&"#=/# /&.#/ 5& )3%1O#=&/,1 P )0#!&/ ,1 4 BYYE<

8!&-#%! 0!9!:/5-%/$ "!9;*%!*#+ 112 $*#+,-#!"-

Z13/& )3 3)3&"/#: $);46/)!"#2 >),& 0)=16&=& %)*4!/)!" âP # θ̂ ,12 4$,1!")

4!%13/,&=&/,& 3)*#,1/#: 1!"#$&@#,&2 4!%13/,&=&/,1 !01>"&%& (V

P−1
ym(n)[n, τ ] %&.4/&"#: 0)

!1/5)%4 #+# 0) =%1$1/4 BY[E\

ω̂n = argmax
ω

N/2−(P−1)τ
∑

n=−N/2+(P−1)τ

∣

∣

∣Q'n

{

(V

P−1
ym(n)[n, τ ]

}∣

∣

∣ ,

ω̂m = argmax
ω

M−1
∑

m=0

∣

∣

∣
Q'm

{

(V

P−1
ym(n)[n, τ ]

}∣

∣

∣
< IJ<M]L

7=3,1 4!%13/,&=&/,1 !01>"&%& #$& #!"# 1W1>&" >&) # 0%)#5=)3 >)3 (PFQA&< H&#$12 !"=&%/#

$&>!#$4$# 4 !01>"%#$& %&.4/&"#: 0) m^n )!# 61 4=#,1> *#"# /& #!"#$ 0)5#@#,&$&2 3)>2 )/#
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 !"#$ %&'(  !"#$% θ̂ % â2 &P = 2' () *+% ,-./)+%0)1 &)' % &2' 3+450./60%7% "8 9 N = 2569

M = 100: &;' % &.' 3+450./0%74 M 9 N = 2569 "8 = 10 2<: &-' % &=' 3+450./0%74 N 9

"8 = 10 2<9 M = 100>

 !"#!$% &"$'() *&+!, -( "(  !$!.%#%  ! /!.$%0%#%+ 12.%3%'!+! 2) "1(4#/! )2 "1(4#/!5 6#27!,

"!8%/! '( -( '!0!#% "#9!/ ( +!4"%+&+(, ! "$!8%#% $!: (5

 !"#$%&! %'()*$(%+ ,,- *%+./!+(0! 1! P = 2 . P = 3

;2:( "( 124!.!#% )! '( "$2:( 2"# !$72/%#!+! 21%"! %< & =!8($!+! >5? % >5@ /()!

ABMN log2MNC % ABQMNC, /("1(4#%9 2, 7)'( '( Q 8/2' #!0!4!  ! Ω 2"% 42/%*-( 2'

1/%$%42+ /!0& ! '! DEFG! HIJK5 6$2:( 2"# !$72/%#+! .! P = 3 +2:( "( )2)!# 2 "+! '%#%

42/%*-( '(+ 1/%"#&1! 21%"! 27 & 6(43%'% J5J5 L! /!.$%4& 2) EE6MG!, EFN %+! "$2:( 2"#

42'! '( /()! ABMNNθNa1Na2C BP = 2C % ABMNNθNa1Na2Na3C BP = 3C, 7)'( '( Nθ, Na1 ,

Na2 % Na3 8/2' #!0!4! 12 θ, a1, a2 % a3 2"!+! 1/(#/!7!, /("1(4#%9 25 O!4$(, 9%)%+2 )!

21%"! % 1/%"#&1 %+! . !0!' 2 +! '& 42+1$(4" 2"# & 2) 2"&  ! EFN, *#2 7! "#!9$'! & /()

12#( 3%'!$ %< 4! )%)!#! .! 1/%+'( & & /(!$ %+ !1$%4!3%'!+!5

P  !/() 2+ 127$!9$'& %"1%#!-(+2 1(/Q2/+! "( 21%"! ( ("#%+!3%2 ( 1/23()&/(5

 !"!# $%&'()*+) ,()&-'()

P 292' "(43%'% %.9/*%-(+2 (9!$&!3%'& 1(/Q2/+! "% ("#%+!#2/! 21%"! 27 & 1/(#<2) 2'

"(43%'%5 R!2 +'(/! .! 23'( & 1(/Q2/+! "%, &+'("#2 ;6MG!, 8%-( 42/%*-( S;6M 42'%

??J
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 !"#$ %&'(  !"# θ̂$ â2 % â3 &P = 3' () *+% ,-./)+%0)1 &)'$ &2' % &3' 4+560./70%8% "9 $ N = 256$

M = 100: &;'$ &.' % &<' 4+560./0%85 M $ N = 256$ "9 = 10 2=: &-'$ &>' % &%'

4+560./0%85 N $ "9 = 10 2=$ M = 100?

 !"#$%&'()& *+!,)"- ./01& 23./0 1 "-4(5  !!" #$%& '()% $* $  ! 65 7'& )"#,-,8& )"

9+:,;&)"-& <&  !"#$%&'()&-)" 4!"=*" 9 +:!&#, $,4-&(& 9 $,$%">,>& <&$-+'&-,> -& >!"?&>&

$"-<+!&5 @&  +%!":" !&;9-&-)& 3./01& *+!,$%,A">+ .+-%" B&!(+ $,>9(&8,)" $& 500

,%"!&8,)&5 C!, $8"-&!,)& $9 !&<>&%!&-&D <&',$-+$% 3./01& +# /E31&F <&',$-+$% 3./01&

+# M , <&',$-+$% 3./01& +# N 5 3&$%+)&-)" ,<>"G9 $"-<+!& 9 $',>  !,>)"!,>& )"

d = 1.5F #+* )" :!<,-&  !+$%,!&-)& *!+< >"#,)9> c = 1500 m/s5 H+(&<-, 94&+ $,4-&(&

)" θ = π/65

 !"#$%! &' I +'+>  !,>)"!9  +$>&%!&(, $>+ JJ/ #!94+4& !"#&D

s(n) = exp(j(19π + 5π(n∆) + 11π(n∆)2)), (n∆) ∈ [−1, 1]. 2K5LM6

I  !'+> $8"-&!,)9 $-,>&(, $>+ <&',$-+$% 3./01& +# /E31&F *+), )" !&<>&%!&- 9

+ $"49 +# −6 #N #+ 14 #N $& *+!&*+> +# 1 #N5 I*9 &- :!+) +#:,!&*& $,4-&(& )" N+1 =

LLO



257  ! "#$% &' () *%&'# !$ M = 100 !'#+,)$- ./012 θ̂  â2 '!3 * )$# 4 (,*,56 77012$

() 8$+$# !6 #$ 0% 8$*$ 9-: ;$<  ;=<> )'!('83 ?#,- @$ ")$AB *$ !*, 3$8,C' () 8$+$% 

 ,=",?$)$&65' D.EF2,?' GHIJ- 0$ !% 8$ !' *,K' +$8%&6L 3 =$ &' ()$" ,?' '!3 *$B ,#'

3'4# 8' ,8, 2 =F- M+#$= ()$"$> ./01 â2 =,!3 K' D.EF> =,8 &' ./01 θ̂ +$ ,8, 1 =F

 +#$= D.EF2$-

N =)6",* !B'#$) &6 "%'=$% !*, +$? !#,!3 ./012$ ,= O),&$ !'#+,)$- @$ *'> M !*,

(,!*$3)$% 6  #3')?$%6 ,= 10 =, 190 !$ 8,)$B *$ ,= 10- ./012 77012$ () 8$+$# !6 #$

0% 8$*$ 9-: ;O<  ;'<- P)'5 !B'#$) , (,=)$+6*&'?$, &' !# *$#&' 8$)$83') !3 8$ '!3 *$3,)$

6 +$? !#,!3 ,= 686(#," O),&$ ,=O )$8$ ! "#$%$> 8,& &'  Q$, ,= 101 =, 1001 () A8!#,*

0@.= 10 =F  M = 100- ./012 () 8$+$# !6 #$ 0% 8$*$ 9-: ;B<  ;R<- S$ (,!%'=#&$

=?$ !%6L$&$> (,!*$3)$# '!3 *$3,) !' (,8$+$, =,!3$ !3$O %# *- @$ *'> (,8$+$#, &' =$

)$!3,&$#&' ./012$ ,= D.EF2$ 6 (,!*$3)$# *  #3')?$% *$ #' +$? ! ,= M  N - P,

)$!3,&$#&' &'  !3, 8$,  6 ()?,* !B'#$) &6-

./01 ($)$*'3)$ â1 ,?=&' # &' () 8$+$#- @$ #&'",?6 3$L#,!3 ?'% 8 63 B$&  *$

'!3 *$B &$ θ> ($ !' *,K' (,8$+$3 =$ &' ./01 ,?,"$ ($)$*'3)$ +$ ,8, 1 =F  +#$= D.EF2$-

 !"#$%! &' T?=&' !*, !# *$% 8$)$83') !3 8' 77012$ #$ ! "#$%6 3)'5'"$ )'=$U

s(n) = exp(j(19π + 5π(n∆) + 11π(n∆)2 + 7π(n∆)3)), (n∆) ∈ [−1, 1]. ;9-:V<

7,3(6#,  !3$ 3) !B'#$) &$ !6 )$+*$3)$#$ 8$,  6 7) *&')6 :- W,O &'# )'+6%3$3 +$ a2> a3  

θ () 8$+$# !6 #$ 0% B 9-I- 7$)$*'3) !6 '!3 * )$# (,*,56 $%",) 3*$ =$3," 6 P$O'% 9-I-

7)$" 0@.2$ 77012$ &' ,8, 0 =F- S$ !?$ 3) !%6L$&$ ./01 ($)$*'3)$ â3 &' $! *(3,3!8 

'A8$!$#> =,8 !6 ./012 â2  θ̂ ,8, 3 =F  6 =F  +#$= D.EF2$> )'!('83 ?#,-

.$+%," () *&'3#, %,Q & 4 (')R,)*$#! â2 6 ,=#,!6 â3 %'K 6 L #&'# B =$ 3$L#,!3 â2 +$? ! 

,= 3$L#,!3 Â2> â3  θ̂- 7) *&'3 *, 3$8,C'  %,Q &' (')R,)*$#!' θ̂ 6 ,=#,!6 #$ (')R,)*$#!'

â3- @$ θ̂ 63 L' '!3 *$B &$ âP  ωm> 8$,  #'% #'$)#,!3 R6#8B &' $)B! #- /'C63 *> # !8$

)$L6#!8$ 8,*(%'8!#,!3 ,?' 3'4# 8' ,()$?=$?$ (,*'#63 "6O 3$8 6 3$L#,!3 -

 !"#$%! (' N ,?,* () *&')6 !*,  +?)Q % (,)'C'#&' 8%$! L#," 77012$  77012$

8,& 6*&'!3, α23 *,?$#," ,(')$3,)$ 8,) !3 6!)'=#&$?$#&' !('83$)$ 7W2$ ;.27701<-

7,!*$3)$# ! "#$% &' 770 =)6","$ )'=$> x(n) = exp(j(17π − 6π(n∆) + 14π(n∆)2))>

(n∆) ∈ [−1, 1]- P) !B'#$) &$ !6 (,!*$3)$#$U $< (),*&'#%& ? 0@. ;0@.∈ [−15, 20] =F<>

N + 1 = 257  M = 100X O< (),*&'#& ?, M ;M ∈ [10, 190]<> 0@.= −2 =F  N = 256X B<

(),*&'#& ?, N ;@∈ [100, 1000]<> 0@.= −2 =F  M = 100- ./012 ($)$*'3$)$ 7702$

=,O &'# 4 77012,*  .277012,* () 8$+$# !6 #$ 0% B 9-H-

::Y
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H +,!*&3+ +%+4*0.,$"#+*#! )#./ &),3+0+# /0+,$ :+,%3!7 #.0,$%#. #$ /0$2$8 40+*$#3$
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 !"#$%&'(& )"*'&+&, -$+&." -$ /"0 '(& 0&-&0)1$* )'$2&, '( *$%& 20$( 13"(& '& . !+(4 "!&

$5+"1  +"2) 6 748& $)&  +"2) ( '$0!&+'& '& 20&%&3 10 #&'(& 0&-&0& 1$(" ) '&."%&  !"#$6

7& 5" ) 2$5$+(/&+& 0 .$+43"(& 2$ $%$( 1$$0-"'&#", 20 -&('" )"*'&+ ) -"( +" 4 $-5"01 6

9".4 +".&3"(& 0&-&0)1$* )"*'&+& $5":'$ ) )20$%$-" 0&:4'&'( ! ;7 <=>& 20"!+( '$*

)"*'&+& 4 0&'* ?30$))>0&'* -$! '46 @#&3"$'&0' ! # -&(4 "- &+'4 )+"14 0&-&0)1 

)3 ' 6 A B4#"!, 4)+"( - 10 #&'(& $5( 1&#& -$+&." -$ C0 1% '3"()1 !$-4+&3"( 2$)+&#$*

)"*'&+& 1$(& ) '& 0&-&0)1$( )+"3" !&'"C )#4( 0&.!&."%&'( ! " -")+$3"0&'( ! ! #&

4 $-'$)4 '& )#%&0'4 2$."3"(4 DEFG, DEHG6 =&1% 0&-&0)1 )+"1 )4, 5 . 20 #I$-'$*

20 #20$3 )"0&'(&, ' 42$#0 5+("% 6 J& 20$3 )"0&'( 0&-&0)1$* )"*'&+& $5":'$ ) 1$0")# 

# I'"1 .& 1$!2 '.&3"(4 10 #&'(& "+" %0 ! ')1$>C0 1% '3"()1 0 20 . '#&3"( , 1$( 

.&I#"( %&(4 )20$%$B '( .'&:&('$* 50$(& 0&:4')1"I $2 0&3"(&6 @!&'( '( 2$#0 5'$* 50$(&

0&:4')1"I $2 0&3"(& .& C$14)"0&'( 0&-&0)1"I )+"1& !" K !$, 4 $%$( ) 13"(", $5&%"#" 2$!$K4

LM<>&, 1$*& K !$ 20"+&*$-"#" !4+#"1$!2$' '#'"! )"*'&+"!&6

 !"!" #$%&' (&)*+%+ *+ ,-&./01

7& 5")!$ .'&'( ". 2&0&! #&0)1  )#"!&3"( 20"!( '"+" 4 0&-&0"!&, ' $2I$-'$ ( C&.4

20"!+( '$* )"*'&+& ".0&."#" 20 1$ 2$+"'$!&6 N& $)'$%4 !$- +& #&:1&)#"I 0 O 1#$0& DEHG,

1$'#40& $5( 1#& 4 0&-&0)1$( )3 '" !$8 ) 20 -)#&%"#" 20 1$ )4! <A )"*'&+&P

q(m,n) =
∑

i

σi exp(jφi(m,n)),

n ∈ [−N/2, N/2], m ∈ [−M/2,M/2], QH6RST

*-( )4 σi " φi(m,n) &!2+"#4-& " C&.& i>#$* 0 O 1#$0&, 0 )2 1#"%'$6 M&0&! #&0 m

$-*$%&0& 0 -'$! 50$(4 )"*'&+&  !"#$%&'$* 20 !& ! #" Q#.%6 )2$0$ %0"( ! > 1$0 )2$'-"0&

30$))>0&'* >4T, -$1 n 0 -'$! 50$(4 $-5"01& 4'4#&0 ( -'$* )"*'&+& Q#.%6 50.$ %0"( ! >

1$0 )2$'-"0& 0&'* >4T6 U .&%")'$)#" $- #"2& 10 #&'(& ! # , C&.& i>#$* 0 O 1#$0& "!&

0&.+":"# $5+"1 6 U =&5 +" H6V -&#" )4 ".*+ -" C&. )"*'&+& .& 1&0&1# 0")#":' #"2$% 10 #&'(&6

W'C$0!&3"(& $ 2$."3"(" 0 O 1#$0&, Qa
(1)
i , b

(1)
i T, )&-08&'& ( 4 :+&'4 a

(1)
i m + b

(1)
i n, -$1

$)#&+" 1$ X3"( '#" 2$+"'$!& C&. -&(4 ' 1 -04* "'C$0!&3"( , 1&$ /#$ ( '206 "'C$0!&3"(&

$ 450.&'(4 ! # 6

;7 <= )"*'&+& QH6RST 20 -)#&%+(& )#&'-&0-'4 0&-&0)14 )+"14

Q(m′, n′) =
∑

m

∑

n

q(m,n)w(m,n) exp(−j2πm′m/(M + 1)− j2πn′n/(N + 1)), QH6RYT

RRF



φi(m,n)  !" #$% &'(& $%)%# *$&

a
(1)
i m+ b

(1)
i n + &,!*'&$'! *-(%#& 

a
(2)
i m2/2 + a

(1)
i m+ b

(1)
i n *-(%#& #*(! +% #$%.%

∑P
p=1 a

(p)
i mp/p! + b

(1)
i n '%/'!0*$1'* #$% &'(%

a
(1)
i m+ b

(1)
i n+

∑P
p=1

∑K
k=1 d

(p,k)
i (mp/p!)(nk/k!) #*1"2!#*3&'* #$% &'(%

a
(1)
i m+ b

(1)
i n+ ci sin(αim+ βin+ ϕi) $* &,!(& ! 3!-$&,!(&
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Qi(m
′, n′) = σiW (m′ − (M + 1)a

(1)
i /2π, n′ − (N + 1)b

(1)
i /2π), >?6@?A

"/&%;0 $0 +#4"/+ #&%;,(B&% /& ,0 %")*0)5!&*+,& !&/&!$%0 $;+%0  !" "!*+")&;)&  "#+*+,+

!0C0%5"!&3 >a
(1)
i , b

(1)
i A6 D$;0/ /!(8+E 5+ "4& %!05&),&3 Qi(m

′, n′) <0 +.&5+ + /"/&5)0 B;&)"40

ψi(m,n) = φi(m,n)− a(1)i m− b(1)i n %",+ (#!"%(,( !&#.&#+4&),0 + /+$;"*+!&),0 %". ")0)5+=

Qi(m
′, n′) =

σiW (m′ − (M + 1)a
(1)
i /2π, n′ − (N + 1)b

(1)
i /2π) ∗m ∗n12{exp(jψi(m,n))}. >?6@FA
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5%"6%3!/3* 3*&/* (0( #(9* +*6!1

= "0-4!3- 5%"6%3!/3! #(9* %& 3*&/* +*6* - %$#(.- ("6%;! .!/;*<!8 q(m,n) 3*

+-06($%+5%/*/6/( "(;/!08 5! /3*;%#* 5!.!+*6.* +%.!+% *"6(+(.!6( 5%+%)- 6*>/($!

/!+(3*/3*/(> *"6(+!7(3( +-06($%+5%/*/6/(> ??@<!1 = 7(03- +%;-)/%"6( $%.(9)*/3!

A?B<!  ! %#- /!+3*/-8 /*%5>%&/% 3* ( #.9(6( /3*;%#% 5.(0!;%C*/3* +-06($%+5%/*/6/(+

"(;/!0(+!1 D#% 5.(0!;%C*/3* )* '(6( %'!#03*/% - /!.*&/%3 "*$7(3( 5%+%)- $.!6$%6.!3/%;

BE<! F@EBE */;01  !"#$% %&'( )#*$&($ %$+,!-#$' G1

 !"!# $%&'()*+',* )-.'/01 2*301 2-0)+',1

@ 7(03*+ !&!56!7(3* A?B<! /! +-06($%+5%/*/6/* "(;/!0*8  ! 6.*/-6!$ 5%"+!6.!3+%

$%/6(/-!0/- #*. (3- %#* ,-/$7(3*

A?B(t,Ω) =

∫ ∞

−∞

s(t+ τ)s(t− τ) exp
(

−jΩτ 2
)

.

H!&! 3* s(t) +-06($%+5%/*/6!/8 631 s(t) =
∑

i si(t) =
∑

iAi exp(jφi(t))8 A?B "* +%:*

5.($! !6( - #(&- "-+* !-6%< ( $.%"<40!/%#!I

A?B(t,Ω) =
∑

i

A?Bi(t,Ω) +
∑

i 6=j

A?Bij(t,Ω), FJ1KLG

H.%"<40!/%#(8 A?Bij(t,Ω)8  /!4!3/% /!.-9!#!3- .*5.* */6!7(3- A?B<! ( *"6(+!7(3- 4(/*

/*+%;-)%+1 M! '( A?B 5.(0!;%&(0( /! +-06($%+5%/*/6/* "(;/!0*8 - NOPQ "+% 5.*&0%:(0(

+%&(R$%#!/- #*. (3- A?B<! '! (.!/- /! @EBE<-1 @EBE 3* &*R/("!/ /! "0*&*)( /!4(/

@EBE(t, ω) =

+∞
∫

−∞

s(t+ τ)w∗(τ) exp(−jωτ)dτ, FJ1KSG

;&3* 3* w∗(τ) 5.% %."$! ,-/$7(3!1 T'%; 0(/*!./%"6(8 @EBE /* ;*/*.(9* $.%"<40!/%#*
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&! "* s(t+ τ) +%:*  !5("!6( 5.*$% @EBE<!8

s(t+ τ) =
1

2π

+∞
∫

−∞

w(τ)@EBE(t, ω) exp(jωτ)dω, FJ1KKG
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 !"(t,Ω) =

+∞
∫

−∞

+∞
∫

−∞

+∞
∫

−∞

01"1(t, ω1)01"1(t, ω2) exp(jω1τ − jω2τ)×

exp(−jΩτ 2)dτdω1dω2

=

+∞
∫

−∞

+∞
∫

−∞

01"1(t, ω1)01"1(t, ω2)ΠΩ(ω2 − ω1)dω1dω2

=

∫

ω

∫

θ

01"1(t, ω + θ)01"1(t, ω − θ)ΠΩ(2θ)dωdθ2 345678

9':$ :$

ΠΩ(θ) =

+∞
∫

−∞

exp(−jΩτ 2) exp(−jθτ)dτ. 3456;8

<.& =>$?=&#?*%(@& '* #$ A)*B*:*) '(& $)$>9(:$ .&@=&)$)?$ #(9)*+* )*+*A( C >$9(&)C

[ωbi(t), ωei(t)] ( '* #$ .&@=&)$)?$ #(9)*+* )$ =>$.+*=*:C C %>$@$)#.&DE>$.%$)F(:#.&: >*%)(2

?*'*  !" iD?$ .&@=&)$)?$ @&G$@& A*=(#*?( )* #+:$'$,( )*B()/

 !"i(t,Ω) =

∫∫

ωbi
(t)≤ω±θ≤ωei

(t)

 !"(t, ω + θ) !"(t, ω − θ)ΠΩ(2θ)dωdθ.

!>$+*#.&@ )*A*' )* '(#.>$?)$ #(9)*+$2 '&-(:*@& ( '(#.>$?*) &-+(.  !"D*/

 !"i(n,Ω) =

k”i
∑

k=k
′

i

[

01"1

2
i (n, k)ΠΩ(0)+ 2

min[k”i−k,k−k
′

i ]
∑

l=1

01"1i(n, k + l)01"1i(n, k − l) Re{ΠΩ(2l)}] , 3456H8

9':$ =&A(F(:$ k
′

i ( k
”

i =>$'#?*%+:*:C =&B$?*. ( .>*: iD?&9 >$9(&)*5

I*.+$2 #$=*>*F(:&@ .&@=&)$)?( C E>$.%$)F(:#.&@ '&@$)C2  !" #*'* >*BC)*@&

&'%&:$)& A* #%*.C .&@=&)$)?C5 J*B() &'>$K(%*):* >$9(&)* .&@=&)$)?( A*%(#( &' ?(=*

=>(@+:$)&9 #(9)*+* ( C +(?$>*?C>( =&#?&:( %$+(.( ->&: >*'&%* .&:( #$ -*%$ &%(@ =>&-+$@&@5

L* >*A'%*:*):$ .&@=&)$)?( C >*'*>#.(@ #(9)*+(@* C MHNO @( #@& &'*->*+( P?#C *+9&>(?*@

MQRO5
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 !"#$#%&  !'&"() *+,+-( ."&.(!( /&0%(12 &1& %#3 4#%#"(1% 5 &61(6 &6 78/2 (10 "&89( :#

;"&:#!% /8 ."(0( /( ) : 9 . "#!&9  !'&"() *+,+-(3 <) :# ;"&:#!% /8  !'&")( *+,+-(

&6%(! ."(0(5  % ."&.(!( ) 9. %#%8& /&0%(1( &  '"%28 3 =(>&% )() ?2%)@& %&A# 78/2

(10 "&8(9 ."&)(6(% :# 2 +('#1& B3C3

D /8(;&8& ."(0 Tp = max E|*+,+(n, k)|FGH & p = 13

 !

T1 =9#(%I(n, k) ∈ [−N/2, N/2]× [−Kmin, Kmax]5 |*+,+(n, k)| ≥ TJ5

T2 =9#(%I(n, k) ∈ [−N/2, N/2]× [−Kmin, Kmax]5 |*+,+(n, k)| < TJ5

Tp+1 = (T1 + T2)/2.

D /8(;&8& p = p+ 13

"#$%& p ≤ pmax '( |Tp−1 − Tp| > F
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!-/'(#*%)'& >/((/#&5 A07% RG5 +0% CG5 ==% NDBENDD5 -1?19; !"CC%

 !D# V% $Z140A3Y5 .% &3*>1+0A3Y5 &% $Z1\)+0A3Y5 )+, '% ])+?5 6- (8243, S'HL[-H

>9;3*);30+ 0: =078+0*3)7L=()9> 93?+)79M $>;)37>, 9;);39;3<)7 )+)789395@  !!!

"#$%&$'()*%& *% +),%$- .#*'/&&)%,5 A07% D"5 +0% C"5 ==% B"C"EB"!O5 ^<;02>4 !"C!%

 !G# V% $Z140A3Y )+, .% &3*>1+0A3Y5 6S0*23+3+? ;(> [^LS'H )+, [^L]$ :04 ''&

>9;3*);30+5@  !!! +),%$- .#*'/&&)%, >/((/#&5 912*3;;>,%

 !P# '% ^_&(>)5 6V*=40A3+? =078+0*3)7 =()9> =)4)*>;>4 >9;3*);30+ 28 193+? +0+1+3:04*78

9=)<>, 93?+)7 9)*=7> *>;(0,95@  !!! "#$%&$'()*%& *% +),%$- .#*'/&&)%,5 A07% D"5

+0% G5 ==% OR"BEORCR5 F178 !"C!%

 !N# .% [% [)8>95 +($()&()'$- ?),)($- +),%$- .#*'/&&)%, $%2 0*2/-)%,% F0(+ ]37>8 )+,

&0+9M `a5 b&-5 CNND%

 O"# &% [)8\3+5 <2$@():/ A)-(/# "6/*#4% '4>+;3<>L[)77M `a5 b&-5 CNND%

COD



 !"# $% &'()*+,-. /% 0,12(3*+,-. 435 6% 7(8*+49. :;)2 <2328,9 4=<*),8>1? (?2@(= @*) 8>2

A4)41282) 2?8,148,*3 *@ @1 ?,<34=?BC  !"!#$% &!"'$% ()*+,--!'". +*=% DD. 3*% E. AA%

""!FG""HH. &2921I2) DJ"D%

 !D# ;% 6% K2)?>143. /% L2?4+238*. 435 /% K% ;1,3. :M?8,148,3< A4)41282)? *@ 1(=8,A=2

N,52I435 A*=O3*1,4=PA>4?2 ?*()92? ,3 ?23?*) 4))4O?.C ./// 0)$'-$+#!*'- *' &!"'$%

()*+,--!'". +*=% HQ. 3*% "D. AA% DQDHGDQ!H. &2921I2) DJJ"%

 !!# R% S43<. R% /43. 0% RN*3<. 435 T% U2. :K2328,9 4=<*),8>1? 435 8>2,) 4AA=,948,*3?.C

./// &!"'$% ()*+,--!'" 1$"$2!',. +*=% "!. 3*% E. AA% DDG!F. V*+21I2) "QQE%

 !H# W% L% X2334)5% YDJ"D. Z2I)(4)O[ $38)*5(98,*3 8* <2328,9 4=<*),8>1?%  \3=,32#%

;+4,=4I=2] >88A]^^NNN%)2334)5%*)<^4=,@2^23<=,?>^<4+,38)<I%>81=

 !_# 0% `% 02a>4) 435 S% b% 0)223,+4?. :0,<34=P8*P3*,?2 )48,* 2?8,148,*3 (?,3< >,<>2)P*)52)

1*1238?.C &!"'$% ()*+,--!'". +*=% cE. 3*% H. AA% F"EGF!D. DJJE%

 !E# 6% Z),25=4352) 435 W% Z)439*?. :;3 2?8,148,*3 4=<*),8>1 @*) DP& A*=O3*1,4= A>4?2

?,<34=?.C ./// 0)$'-$+#!*'- *' .3$", ()*+,--!'". +*=% _. 3*% E. AA% "JcHG"JcF. W(32

"QQE%

 !F# dd. :/*52= I4?25 A>4?2 (3N)4AA,3< *@ DP& ?,<34=?.C ./// 0)$'-$+#!*'- *' &!"'$%

()*+,--!'". +*=% HH. 3*% "D. AA% DQQQG!JJF. &2921I2) "QQE%

 !c# W% Z)439*? 435 6% Z),25=4352). :\A8,14= A4)41282) ?2=298,*3 ,3 8>2 A>4?2 5,e2)239,3<

4=<*),8>1 @*) DP& A>4?2 2?8,148,*3.C ./// 0)$'-$+#!*'- *' &!"'$% ()*+,--!'". +*=% HF.

3*% ". AA% DF!GDFQ. W43(4)O "QQQ%

 !Q# $% &'()*+,-. L% f43<. 435 `% $*434. :L4)41282) 2?8,148,*3 *@ DP& 9(I,9 A>4?2 ?,<34=

(?,3< 9(I,9 A>4?2 @(398,*3 N,8> <2328,9 4=<*),8>1.C &!"'$% ()*+,--!'". +*=% QJ. 3*% Q.

AA% DEQcGDFJF. 02A821I2) DJ"J%

 HJ# $% &'()*+,-. L% f43<. `% $*434. 435 /% 0,12(3*+,-. :`(I,9 A>4?2 @(398,*3 @*)

8N*P5,123?,*34= A*=O3*1,4=PA>4?2 ?,<34=?.C ,3 !' ()*+,,4!'"- *5 6787 /9)*:,$' &!"'$%

()*+,--!'" ;*'5,),'+, </=&.(;>?6787@. ;(<(?8 DJ"J. AA% D!GDF%

 H"# g% h4a>4)*+ 435 S% S*i2). :Z)2j(239O 2?8,148*) N,8> 5,9>*8*1*(? ?24)9> *@

A2),*5*<)41 A24a.C /%,+#)*'!+- A,##,)-. +*=% !_. 3*% "Q. AA% "EJcG"EJQ. 02A821I2)

"QQQ%

"!F



 !"# $% &'()*+,-(./ 0& 1(2-342 2-56(*(1(). .4+756 8749)4,5: 4.*-1+*(7/;  !!! "#$%&'

()*+,--#%$ .,//,)-/ <(=% >>/ ,(% "/ ??% >@AB>@@/ C4'7)+7: "DD!%

 !E# $% &'()*+,-(. +,2 F% G)=H74I/ 0J*47+*-<4 8749)4,5: 4.*-1+*-(, ': -,*47?(=+*-(, (,

C()7-47 5(4K5-4,*./;  !!! 0)&%-&+/#*%- *% "#$%&' ()*+,--#%$/ <(=% LE/ ,(% !/ ??%

>"EMB>"!"/ &?7-= "DDL%

 !!# N% OPQ64+/ 0O, 743,-,H ?(=:,(1-+= ?6+.4 .-H,+= ?+7+14*47 4.*-1+*4./;  !!!

0)&%-&+/#*%- *% 1,)*-2&+, &%3 !',+/)*%#+ "4-/,5-/ <(=% !A/ ,(% E/ ??% RM@BR@M/ S)=:

"D>D%

 !L# Q% TU)V+,(<-W +,2 X% N(?(<-W/ 0&, 4K5-4,* ?4+V 8749)4,5: 4.*-1+*(7 8(7

?7(2)5* 6-H6Y(7247 +1'-H)-*: 8),5*-(,/; -, 1+*6-/#+-7 "2,,+8 &%3 "#$%&' ()*+,--#%$

9 :1""(;7 <=>>  !!!  %/,)%&/#*%&' :*%?,),%+, *%/ G+: "D>>/ ??% E@D! BE@DM%

 !A# Q% TU)V+,(<-W/ G% Q-14),(<-W/ +,2 J% TU)7(<-W/ 0Z43,414,* -, *64 4.*-1+*-(,

(8 1)=*-5(1?(,4,* ?(=:,(1-+=Y?6+.4 .-H,+=./; -, 1+*6-/#+-7 "2,,+8 &%3 "#$%&'

()*+,--#%$ 9 :1""(;7 <=><  !!!  %/,)%&/#*%&' :*%?,),%+, *% / G+756 "D>"/ ??%

ERLMBRAD%

 !M# Z% G5[-==-+1/ J% \=+7V.(,/ F% ])-,,/ +,2 F% G(7+,/ 0N(=:,(1-+=Y?6+.4 4.*-1+*-(,/

?6+.4 ),I7+??-,H +,2 *64 ,4+74.* =+**-54 ?(-,* ?7('=41/; -, "#$%&'-7 "4-/,5- &%3

:*526/,)-7 <==@ :*%?,),%+, A,+*)3 *? /8, B*)/4C08#)3 1-#'*5&) :*%?,),%+, *% /

^(<41'47 "DDR%

 !@# G% Q-14),(<-W/ Q% TU)V+,(<-W/ +,2 J% TU)7(<-W/ 0& 3,4 .4+756 14*6(2 8(7 *64

5)'-5Y?6+.4 8),5*-(,Y'+.42 4.*-1+*(7/; -, !D" (:E <=><7 F6+8&),-/7 A*5&%#&/

&)H).* "D>"/ ??% R"!BR"@%

 !R# \% J(+,+ +,2 &% ])-,9)-./ 0O, *64 ),-*+7: 49)-<+=4,54 +??=-5+*-(, -, *64 ?(=:,(1-+=

?6+.4 .-H,+= ?7(54..-,H/; -, ()*+G ",H,%/8  %/ "#$%&' ()*+,--#%$ &%3  /- 122'#+&/#*%-

"452/ <(=% >/ "DDE/ ??% >LEB>LA%

 LD# &% S+77(*/ \% J(+,+/ \% _47<+-.4/ +,2 &% ])-,9)-./ 0& *-14Y8749)4,5: 56+7+5*47-`+*-(,

87+14I(7V 8(7 .-H,+=. -..)42 87(1 ),247I+*47 2-.?47.-<4 4,<-7(,14,*./; -, ()*+G

 !!!  %/G :*%?G 1+*6-/#+-7 "2,,+8 &%3 "#$%&' ()*+,--#%$  :1""( <==I / <(=% E/ "DDM%

>E@



 !"# $% &% '())(* '% '% +,-./* 0% 1-2-.345(678622-22(9-* :% ;(-.-* '% ;% <-4)*

:% =54>-?)5* -.3 @% 8A52,-.* BC?35D-.3 3?)E45A5 A4-.)F(4G-A?(. (F -E(6)A?E )?/.-9)

?. 6.354H-A54 5.>?4(.G5.A)*I ?.  !"#$ %"&' ()*&+,-. (/-012- +&3 %"24501!- 61#"!3

"' 071 8"!0/9:7)!3 ;-),"2+! %"&'* JKKL* 22% ""MN"JJ%

 !J# 0% O693-9?* 8% 8-3(63?* -.3 +% <5))-(63?* BP)A?G-A?./ H?35D-.3 2(9Q.(G?-9 2,-)5

)?/.-9) ?. )5.)(4 -44-Q) 6)?./ A,5 5RA5.353 S-9G-. T9A54*I <&01!&+0)"&+, ="5!&+, "'

%)!#5)0-. (/-012- +&3 ()*&+,  !"#1--)&** >(9% J* 22% UVNV"* JKKM%

 !U# <% 03W4-3 -.3 0% X59(6E,4-.?* BP)A?G-A?(. (F G69A?E(G2(.5.A 2(9Q.(G?-972,-)5

)?/.-9) ?G2?./?./ (. - G69A?)5.)(4 -44-Q 6)?./ )A-A5N)2-E5 G(359?./*I <>>>

:!+&-+#0)"&- "& ()*&+,  !"#1--)&** >(9% !!* .(% "* 22% UJNV!* JKKY%

 !V# ;% ZW64(>?[* 8% ZW6\-.(>?[* <% 8?G56.(>?[* 1% ]-\(>?[* -.3 X% X-4\-A* B0.

5^E?5.A W(?.A 5)A?G-A?(. (F H?35D-.3 2(9Q.(G?-972,-)5 )?/.-9 2-4-G5A54) -.3

3?45EA?(.7(F7-44?>-9 ?. )5.)(4 -44-Q*I >?6;(< ="5!&+, "& ;3@+&#1- )& ()*&+,

 !"#1--)&** >(9% JK"J* 22% "N"K* JK"J%

 !!# <% ;\4-G -.3 =% _(./ +,(6* BO4354 35A54G?.-A?(. -.3 2-4-G5A54 5)A?G-A?(.

(F G69A?E(G2(.5.A 2(9Q.(G?-9 2,-)5 )?/.-9)*I ?. (0+0)-0)#+, ()*&+, +&3 ;!!+/

 !"#1--)&*. ABBC$  !"#113)&*-$. D)&07 <>>> ( E"!F-7"4 "& * 852A5GD54 "LLM* 22%

U!JNU!!%

 !`# 8% ZW6\-.(>?[* <% 8?G56.(>?[* -.3 ;% ZW64(>?[* BP^E?5.A 2-4-G5A54 5)A?G-A?(. (F

2(9Q.(G?-972,-)5 )?/.-9) ?G2?./?./ (. - )5.)(4 -44-Q*I ?. >2G13313 %"2450)&*

HI>%JK. LMAL I13)01!!+&1+& %"&'1!1&#1 "&* '6.5 JK"J* 22% ""`N""L%

 !Y# ;% ZW64(>?[* :% ;(-.-* _% _,-Q-2-4-.* a% 8A-.\(>?[* 1% C-./* b% 1(2(>?[* -.3

<% 8?G56.(>?[* B:6D?E72,-)5 F6.EA?(. 5>-96-A?(. F(4 G69A?E(G2(.5.A )?/.-9) H?A,

-229?E-A?(. A( 80] ?G-/?./*I <>: ()*&+,  !"#1--)&** >(9% V* .(% V* 22% UY"NUM"*

06/6)A JK"K%

 !M# b% :% :,5. -.3 c% a?./* :)219'!1N51&#/ 0!+&-'"!2- '"! !+3+! )2+*)&* +&3 -)*&+,

+&+,/-)-% X()A(.* d80e 04A5E, c(6)5* JKKJ%

 !L# ]% ]-.5Q* B8Q.A,5A?E -254A645 ?G-/?./ 4-3-4 -.3 G(>?./ A-4/5A)*I <>>> :!+&-+#0)"&-

"& ;1!"-4+#1 +&3 >,1#0!"&)# (/-012-* >(9% 0P87Y* .(% U* 22% VLLN!K!* <-Q "LY"%

"UL



 !"# $% &% '()*+,-* +). $% /% 0((.12  !"!#$% !&$"' ()*+',,!-". 344-5 6+..,- $78-52

9%:%; <5-)=7>- ?+,,2 @""@%

AB"








